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1. Introduction

There are quite a lot of different geometric brackets floating around in the literature,
like Schouten bracket, Nijenhuis bracket or in generalized complex geometry the Dorfman
bracket and Courant bracket, to list just some of them. They are often related to integra-
bility conditions for some structures on manifolds. The vanishing of the Nijenhuis bracket
of a complex structure with itself, for example, is equivalent to its integrability. The same
is true for the Schouten bracket and a Poisson structure. The above brackets can be uni-
fied with the concept of derived brackets [[[]. Within this concept, they are all just natural
extensions of the Lie-bracket of vector fields to higher rank tensor fields.

It is well known that the antibracket appearing in the Lagrangian formalism for sigma
models is closely related to the Schouten-bracket in target space. In addition it was recently
observed by Alekseev and Strobl that the Dorfman bracket for sums of vectors and one-
forms appears naturally in two dimensional sigma models,! [[J]. This was generalized by
Bonelli and Zabzine [ to a derived bracket for sums of vectors and p-forms on a p-
brane.? These observations lead to the natural question whether there is a general relation
between the sigma-model Poisson bracket or antibracket and derived brackets in target
space. Working out the precise relation for sigma models with a special field content but
undetermined dimension and dynamics, is the major subject of the present paper.

One of the motivations for this article, was the application to generalized complex ge-
ometry. The importance of the latter in string theory is due to the observation that effective
spacetime supersymmetry after compactification requires the compactification manifold to
be a generalized Calabi-Yau manifold [{, fl, §—[]. Deviations from an ordinary Calabi Yau
manifold are due to fluxes and also the concept of mirror symmetry can be generalized in
this context. There are numerous other important articles on the subject, like e.g. [I0-[4]
and many more. A more complete list of references can be found in [fJ. A major part of
the considerations so far was done from the supergravity point of view. Target space su-
persymmetry is, however, related to an N = 2 supersymmetry on the worldsheet. For this
reason the relation between an extended worldsheet supersymmetry and the presence of
an integrable generalized complex structure (GCS) was studied in [IF] (the reviews [, [[7]
on generalized complex geometry have this relation in mind). Zabzine clarified in [Lg] the
relation in a model independent way in a Hamiltonian description and showed that the
existence of a second non-manifest worldsheet supersymmetry @, in an N = 1 sigma-
model is equivalent to the existence of an integrable GCS J. It is the observation that
the integrability of the GCS J can be written as the vanishing of a generalized bracket
[J,J] 5 = 0 which leads to the natural question, whether there is a direct mapping between
[T, T]g =0& J? = —1 on the one side and {Q,, Q,} = 2P on the other side. This will be
a natural application in subsection of the more general preceding considerations about

In @]7 the non-symmetric bracket is called ’Courant bracket’. Following e.g. Gualtieri [E] or H it will

be called ’Dorfman bracket’ in this paper, while ’"Courant bracket’ is reserved for its antisymmetrization

(see ) and ([C.39)).

2The Vinogradov bracket appearing in [E] is just the antisymmetrization of a derived bracket (see foot-
note @ on page @)



the relation between (super-)Poisson brackets in sigma models with special field content
and derived brackets in the target space.

A second interesting application is Zucchini’s Hitchin-sigma-model [[[J]. There are two
more papers on that subject [0, R1], but the present discussion refers only to the first one.
Zucchini’s model is a two dimensional sigma-model in a target space with a generalized
complex structure (GCS). The sigma-model is topological when the GCS is integrable, while
the inverse does not hold. The condition for the sigma model to be topological is the master
equation (5,5) = 0. Again we might wonder whether there is a direct mapping between
the antibracket and S on the one hand and the geometric bracket and 7 on the other hand
and it will be shown in subsection B.]] how this mapping works as an application of the
considerations in subsection R.§. In order to understand more about geometric brackets in
general, however, it was necessary to dive into Kosmann-Schwarzbach’s review on derived
brackets [l which led to observations that go beyond the application to the integrability
of a GCS .

The structure of the paper is as follows: The general relation between sigma models
and derived brackets in target space will be studied in the next section. The necessary
geometric setup will be established in .1 Although there are no new deep insights in P.1],
the unconventional idea to extend the exterior derivative on forms to multivector valued

forms (see (£:32) and (E?)a)) will provide a tool to write down a coordinate expression for

the general derived bracket between multivector valued forms (R.4§) which to my knowledge
does not yet exist in literature. The main results in section P, however, are the propositions
1 on page [I§ and 1b on page B4 for the relation between the Poisson-bracket in a sigma-
model with special field content and the derived bracket in the target space, and the
proposition 3b on page P for the relation between the antibracket in a sigma-model and
the derived bracket in target space. Proposition 2 on page PJ is just a short quantum
consideration which only works for the particle case. In section [ the propositions 1b and
3b are finally applied to the two examples which were mentioned above.

Another result is the relation between the generalized Nijenhuis tensor and the derived
bracket of J with itself, given in (B.1J). The derivation of this can be found in the appendix
on page B1]. In addition to this, there is a new coordinate form of the generalized Nijenhuis
tensor presented in ([C.58) on page b9, which might be easier to memorize than the known
ones. There is also a short comment in footnote on page pg on a possible relation to
Hull’s doubled geometry.

Appendix [A] summarizes the used conventions, while appendix [§ is an introduction
to geometric brackets. Finally, appendix [ provides some aspects of generalized complex
geometry which might be necessary to understand the two applications of above.

2. Sigma-model-induced brackets

2.1 Geometric brackets in phase space formulation

In the following some basic geometric ingredients which are necessary to formulate derived
brackets will be given. Although there is no sigma model and no physics explicitly involved
in this first subsection, the presentation and the techniques will be very suggestive, s.th.



there is visually no big change when we proceed after that with considerations on sigma-
models.

2.1.1 Algebraic brackets

Consider a real differentiable manifold M. The interior product with a vector field v = v*8,

(in a local coordinate basis) acting on a differential form p is a differential operator in the

sense that it differentiates with respect to the basis elements of the cotangent space:
0
tp ™) = (@) A @ = R e (i, ™) (21)
Let us rename?
" =d™ (2.2)
by = 0 (2.3)

The vector v takes locally the form v = v"b,, and when we introduce a canonical graded
Poisson bracket between ¢™ and b, via {b,,,c"} =), , we get

wp = {v,p} (2-4)

Extending also the local xz-coordinate-space to a phase space by introducing the conjugate
momentum p,, (whose geometric interpretation we will discover soon), we have altogether
the (graded) Poisson bracket

{bm. "} = 65, = {c", b} (2.5)
{pm, 2"} = o5, = —{2", pp} _ (2.6)
{A,B} = A 0 9 0.9 B-(—)"P (B 0 9 0.9 4 (2.7)

obp 9ck - T op, Dk o, 0c TP op ok

and can write the exterior derivative acting on forms as generated via the Poisson-bracket
by an odd phase-space function o(c, p)

o =o(c,p) = o (2.8)
{0,070} = & (o, pims o, (@)} €™ - ™ = ol (2.9)

The variables ¢™,by,,x™ and p,, can be seen as coordinates of T*(IIT M), the cotangent
bundle of the tangent bundle with parity inversed fiber.

3Note, that a convention is used, were the prefactor % which usually comes along with an r-form is
absorbed into the definition of the wedge-product. The common conventions can for all equations easily be
recovered by redefining all coefficients appropriately, e.g. pm,...m, — %Pmyumw

4The similarity with ghosts is of course no accident. It is well known (see e.g. [@]) that ghosts in a gauge
theory can be seen as 1-forms dual to the gauge-vector fields and the BRST differential as the sum of the
Koszul-Tate differential (whose homology implements the restriction to the constraint surface) and the lon-
gitudinal exterior derivative along the constraint surface. In that sense the present description corresponds
to a topological theory, where all degrees of freedom are gauged away. But we will not necessarily always
view ¢ as ghosts in the following. So let us in the beginning see ¢™ just as another name for dz™. We
do not yet assume an underlying sigma-model, i.e. b, and ¢" do not necessarily depend on a worldsheet
variable.



Interior product and “quantization”. Given a multivector valued form K®*+) of
form degree k and multivector degree k', it reads in the local coordinate patch with the
new symbols

K = K(k’k/)(x, c,b) = Koy, """ () €™ &by by, = K™ (2.10)
The notation K(z,c,b) should stress, that K is locally a (smooth on a C° manifold)
function of the phase space variables which will later be used for analytic continuation (z
will be allowed to take c-number values of a superfunction). The last expression in the
above equation introduces a schematic index notation which is useful to write down the
explicit coordinate form for lengthy expressions. See in the appendix [A] at page for a
more detailed description of its definition. It should, however, be self-explanatory enough
for a first reading of the article

One can define a natural generalization of the interior product with a vector 2, to an

interior product with a multivector valued form g acting on some r-form (in fact, it is
more like a combination of an interior and an exterior product — see footnote PJ on page
4 —, but we will stick to this name)

r
ZK(k,k:’)p(r) = (k/)' (k,> Km___mllmlklplk/...llm...m = (211)
N——
= Kml...mknlmnk/ ¢ M {bnla { T {bnknp(r)}}} (212)
0 0
= Kml...mknlmnk/ R o p(r) (213)

Ooc™m oec™

It is a derivative of order k' and thus not a derivative in the usual sense like 72,,. The
third line shows the reason for the normalization of the first line, while the second line
is added for later convenience. The interior product is commonly used as an embedding
of the multivector valued forms in the space of differential operators acting on forms, i.e.
K — 1, s.th. structures of the latter can be induced on the space of multivector valued
forms. In (R.13) the interior product 15 can be seen, up to a factor of /i, as the quantum
operator corresponding to K, where the form p plays the role of a wave function. The
natural ordering is here to put the conjugate momenta to the right. We can therefore fix

the following “quantization” rule (corresponding to b= ?a% )

o n\*
RKkF) — <_> Ui k) (2.14)

1
. S
with teeny = K™ 5 s (2.15)

The (graded) commutator of two interior products induces an algebraic bracket due to
Buttin [2J], which is defined via

[ZK(W) ) ZL(L,M] = Yk,L]A (2.16)



Using the obvious generalization of 97 (f(x)g(x)) = >°)_ (n)agf(x)ag_pg(x), a short
p

calculation leads to
1KLL, = ZZZ%)L :ZK/\L—FZZZ%)L (217)
p=>0 p>1
where we introduced the interior product of order p

(p) — k/ K n..nli..lp oP 21
ZK(k:,k/) - <p ) m... m 86”1 . 86"1’ ( * 8)

«—
1 ar or

= —K 2.1
p! Oby, - Oby, Oc™ ---Oc"» (2.19)

4 "—p)(l— K ! n..n n.n
= 1)y L) = (o) p’p!< >< >Km_.m b L ™™ (2.20)

p p

which contracts only p of all ¥ upper indices and therefore coincides with the interior
product of above when acting on forms for p = ¥’ and with the wedge product for p = 0.

zy;l(i’k,)p = Vg (k") P zgg)L =KAL (2.21)
Using (B.17) the algebraic bracket |, | defined in (B.1) can thus be written as
[K(k,k/),L(l,l/)]A _ Z%%)L _ (_)(kfk/)(lfl’)l(Lp)]{l (2.22)
p21 =[K,L]A

(»)

(B.20) provides the explicit coordinate form of this algebraic bracket. From (R.19) we
recover the known fact that the p = 1 term of the algebraic bracket is induced by the
Poisson-bracket and therefore is itself an algebraic bracket, called the big bracket [fl] or
Buttin’s algebraic bracket 23]

1 —KN-1) (1
KL = 4L ()R

ey py (2.23)

) (_)(klfl)(lfl)kll Km...mnmnll Lllm...mnmn (224)

—()ERNED (EDEDE Ly ™™ K™ ™

For ¥ = I’ = 1 it reduces to the Richardson-Nijenhuis bracket (B.60) for vector valued
forms. In [f] the big bracket is described as the canonical Poisson structure on \*(7 & T*)
which matches with the observation in (2.23). The bracket takes an especially pleasant
coordinate form for generalized multivectors as is presented in equation ([C.67) on page 1.

The multivector-degree of the p-th term of the complete algebraic bracket (R.29) is
(k' +1 — p), so that we can rewrite (2.1¢) in terms of “quantum”-operators (R.14) in the
following way:

K(k,k/)’ﬁ(l,l')] -y (;)p [@) (2.25)
p>1
- (D) ED+ > (3) i, (226)



The Poisson bracket is, as it should be, the leading order of the quantum bracket.

2.1.2 Extended exterior derivative and the derived bracket of the commutator

In the previous subsection the commutator of differential operators induced (via the interior
product as embedding) an algebraic bracket on the embedded tensors. Also other structures
from the operator space can be induced on the tensors. Having the commutator at hand,
one can build the derived bracket (see footnote on page [[4) of the commutator by
additionally commuting the first argument with the exterior derivative. Being interested
in the induced structure on multivector valued forms, we consider as arguments only interior
products with those multivector valued forms

[vicare] = [[ux, d] ,or] (2.27)

One can likewise use other differentials to build a derived bracket, e.g. the twisted differen-
tial [d+ H,...] with an odd closed form H, which leads to so called twisted brackets. Let
us restrict to d for the moment. The derived bracket is in general not skew-symmetric but
it obeys a graded Jacobi-identity and is therefore what one calls a Loday bracket. When
looking for new brackets, the Jacobi identity is the property which is hardest to check.
A mechanism like above, which automatically provides it is therefore very powerful. The
above derived bracket will induce brackets like the Schouten bracket or even the Dorfman
bracket of generalized complex geometry on the tensors. In general, however, the interior
products are not closed under its action, i.e. the result of the bracket cannot necessarily be
written as 12 for some K. An expression for a general bracket on the tensor level, which
reduces in the corresponding cases to the well known brackets therefore does not exist.
Instead one normally has to derive the brackets in the special cases separately. In the fol-
lowing, however, a natural approach is discussed including the new variable p,,, introduced
in (2.6), which leads to an explicit coordinate expression for the general bracket. This
expression is of course tensorial only in the mentioned special cases, that is when terms
with p,, vanish. This is not an artificial procedure, as the conjugate variable p,, to ™ is
always present in sigma-models, and it will in turn explain the geometric meaning of p,,.

The exterior derivative d acting on forms is usually not defined acting on multivector
valued forms (otherwise we could build the derived bracket of the algebraic bracket (R.23)
by d without lifting everything to operators via the interior product). But via {o, K **)}
we can, at least formally, define a differential on multivector valued forms. The result,
however, contains the variable p; which we have not yet interpreted geometrically. After
extending the definition of the interior product to objects containing p,,, we will get the
relation [d,2x] = 1o, K}, i-6. {0,...} can be seen as an induced differential from the space
of operators. For forms w(?, this simply reads [d,1,] = 2q,. The definition dK = {0, K}
thus seems to be a reasonable extension of the exterior derivative to multivector valued
forms. Let us first provide the necessary definitions.

Consider a phase space function, which is of arbitrary order in the variable pj

T(t7tl7tll)(xa C, b?p) = Tml...mtnlmnt/klmkt” (iE) cml te cmtbml te bmt/pk‘l e pk‘t// (228)



T is symmetrized in kq ...k ,while it is antisymmetrized in the remaining indices. Using
the usual quantization rules b — 'Zia% and p — %8% with the indicated ordering (conjugate
momenta to the right) while still insisting on (2.14) as the relation between quantum opera-

tor and interior product, we get an extended definition of the interior product (R.19), ([.13):

o\ At v !
1 ~ 1 g 0 0
_ tt',t ) — ni..ngki...kr my me
N T = ¢ te™ e
Tttt <h> my...mg de - - - Qe ki ... Gk

(2.29)

me

Z.pT(t,t’,t”)p(r) — Tm1mmtnl...ntlk‘l...k‘t//Cm1 ...c X

${bus { -+ Ly {pra € Ap O 230)
o (")

r

. (2.31)

_ (t’)!( )Tmmmm...nt/kl...ktu
The operator 17 will serve us as an embedding of T' (a phase space function, which lies
in the extension of the space of multivector valued forms by the basis element py) into
the space of differential operators acting on forms. Because of the partial derivatives with
respect to x, the last line is not a tensor and T in that sense not a well defined geometric
object. Nevertheless it can be a building block of a geometrically well defined object, for
example in the definition of the exterior derivative on multivector valued forms which we
suggested above. Namely, if we define®

dx *H) = {0, K(kﬁ/)} = OmKm..m™ " — (_)k_k/k, ’ Km...mnmnkpk (2.32)

We get via our extended embedding (R.31)) the nice relation ©

(.43

rap = [dyax]p = —(=)F T Liep (2:33)
. ’," /
with  Lgp = (K)! B 1 Ko™ O Ply_y . lyme.m T+
Y T
—(=)FH () y Om K. 1, timem (2.34)

5This can of course be seen as a BRST differential, which is well known to be the sum of the longitudinal
exterior derivate plus the Koszul Tate differential. However, as the constraint surface in our case corresponds
to the configuration space (pr would be the first class constraint generating the BRST-transformation),
it is reasonable to regard the BRST differential as a natural extension of the exterior derivative of the
configuration space.

5The exterior derivative on forms has already earlier (@) been seen to coincide with the Poisson bracket
with o, which can be used to demonstrate ()

lp = d(uxp) — (=)l (dp) = {0,110} — (=) ik {0, p}
) alem24.4mk+lnlmnk/ le cee ka+l {bnly {bngy { T {bnkmp(r)}}} +

Nkt ni.eng my o my (r)}}}} "
+( ) k K’mlwmk c c {{07 bn1}7{bn27{ 7{bnk/7p " Zde
Pnq

[d,x



L p is the natural generalization of the Lie derivative with respect to vectors acting on
forms, which is given similarly £,p = [1,,d]p. As 1 is a higher order derivative, also L is
a higher order derivative. Nevertheless, it will be called Lie derivative with respect to K in
this paper. Let us again recall this fact: if pi appears in a combination like dK, there is a
well defined geometric meaning and dK is up to a sign nothing else than the Lie derivative
with respect to K, when embedded in the space of differential operators on forms. The
commutator with the exterior derivative is a natural differential in the space of differential
operators acting on forms, and via the embedding it induces the differential d on K. It
should perhaps be stressed that the above definition of dK corresponds to an extended
action of the exterior derivative which acts also on the basis elements of the tangent space

d(am) = Pm (2.35)

This approach will enable us to give explicit coordinate expressions for the derived bracket
of multivector valued forms even in the general case where the result is not a tensor: In the
space of differential operators on forms, we have the commutator [ix,27] and its derived
bracket (B.49) [tx.,a?r] = [[tx,d],21], while on the space of multivector valued forms we
have the algebraic bracket [K, L]A and want to define its derived bracket up to a sign as
[dK, L]®. To this end we also have to extend the definition (R.18), (B:19) of +(), which
appears in the explicit expression of the algebraic bracket in (2.22) to objects that contain
pr. This is done in a way that the old equations for the algebraic bracket remain formally

the same. So let us define’

®) L ¢ o _—
p — § : ... MT...1q ,1 . sk
ZT(t,t’,t”) = Tmm 1---2q,%q+1---tpR1.. Ry p+qpk1 e pkt’Lerq X

oP

X —— : : :
oc't ... 0ctaQxta+l ... Jx'r

(2.36)

1 & D FL orP
= — T . __ 4 2.37
p! qzo (q) Opi, - - Opi,,0b;, ... 0b; Oc™t ... Octadx'at1 ... Dx'» ( )

For p = ¢/ + ¢" it coincides with the full interior product (R.31): zgf(:; t),,) = Uparary. In
addition we have with this definition (after some calculation) zfﬁz = [d, zé? )] and in particular

P = 1d, ) (2.38)

and the equations for the algebraic bracket (2.16-2.23) indeed remain formally the same

tl t// t/ + t//
"Note that S°P_ = .
240 q P—q p




for objects containing p;,

[ZT(t,t’,t”)aZ’f’(f,f’,f”)] = Z[TT]A (239)
Tty = ZZ (p)T (2.40)
p>0
[T(t,t’,t”)’T(t,t’,t”)]A = Zzgg)jv _ (_)(t*t’)(t*t')zé{’)ji (2.41)
p=1
=T, T} »
1,713 = {T,T} (2.42)

which we can again rewrite in terms of “quantum”-operators (R.14) as

T(hk’),fﬂ(hl/)} =S G)p [T/TT(Ap) _ G) {ﬁ} +Y G)p [T/TT(AP) (2.43)

p=1 p=2

It should be stressed that — although very useful — ¢() is unfortunately NOT a geometric
operation any longer in general, in the sense that z(p ) I and also z(L)dK do not have a well
defined geometric meaning, although dK and L have. 1gxp and z%)L are in contrast well
defined. zg;zL, for example, should rather be understood as a building block of a coordinate
calculation which combines only in certain combinations (e.g. the bracket [, ]*) to s.th.
geometrically meaningful.

We are now ready to define the derived bracket of the algebraic bracket for multivector
valued forms (see footnote RQ on page [i4)

KO, L00] = (K 1% = =(=)" [ak, L] (2.44)
= 37 () I ()R Uk ) g (2.45)
p>1
_ Z L+(— )(kfk/+1)(lfl’+1)(_)lfl’lt(ing
p>1
+(_)(lc—]g/)(l—l’)-i-k—k’d(zg)K) (2‘46)

The result is geometrical in the sense that after embedding via the interior product it is
a well defined operator acting on forms. This is the case, because due to our extended
definitions we have for all multivector valued forms the relation

[leres o] = ogeown, o) (2.47)

and the lefthand side is certainly a well defined geometric object. A considerable effort
went into getting a correct coordinate form for the general derived bracket and for that

,10,



reason, let us quickly have a glance at the final result, although it is kind of ugly:®

¥ ) (l— l K
[K’L] = Z_(_)k g (_)(k p) p)p! ( ) ( ) ame...mnmnll”'llep--.hm...mnmn +

1 p p

/ ! / k ll
+(_)k+k R etk p! (p) (p ) ame...mkp--.kl nanmklkpnn +
_(_)k I+K'+pl+pk ! (p

+(_)<k’—p>(z—p+1>p!< ! )

n..nly..l,_1k n..n
Kmm Lotp—1 ak:Llp_l...llm...m +

ll
( )al{:( k‘p_1...k1nmn[ ki...kp_1ln.n
p—1 )

/ l K
+(_)(k —1—P)(l—p)p!(k;, —p) p) (p ) Km...mn...nl1...lpkLlpmllmmmn...npk +

/ / k U
_(_)k‘ l+1+pk +lpk;’ . p' (p) (p) Kmmkpklnnkmeklkpnnpk (248)

The result is only a tensor, when both terms with py on the righthand side vanish, although
the complete expression is in general geometrically well-defined when considered to be a
differential operator acting on forms via 1 1] as this equals per definition the well-defined
[[tx,d,21]. The above coordinate form reduces in the appropriate cases to vector Lie-
bracket, Schouten-bracket, and (up to a total derivative) to the (Frohlicher)-Nijenhuis-
bracket. If one allows as well sums of a vector and a 1-form, we get the Dorfman bracket,
and also the sum of a vector and a general form gives a result without p.

Due to our extended definition of the exterior derivative, we can also define the derived

8The building blocks are

" _p)(l— K l o
ZE]_Z;()L = (7)(16 p)(l P)p| < p> <p> 8me.4.mnmn”mlpLip.4.i1m4.4m"mn +

’ ’ k' l . .
_(_ k—k _ (k'=1—p)(l—p) ) K. nmnzlmzpkL' . n..n
( ) ( ) (p"" ) <p+1> <p> m..m ip...11M...M pk+

7(7)k—k/(7)(k:’_p)(l—2)+1)p! <[:> (pl 1) KmmnnllZpilzpaszzp,lzlmmnn

’
Z(L%])dK = (7)(1 7P)(k+lfp)+l7p! <]]j> <;> Lm.“m"mnklH'kpaka:pmklmmm"mn +

r_ _ k U
+(_)(L p)(k+1 p)p[< ) < )memnmnklmkpllalKkplmklmmmnmn_’_

p—1 p
k=K', N(U'—p)(k—p) 1./ k v n..mky..k n..nk
_(_) (_) k p' P p me pKkp4.4k1m4.4m Pk
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bracket of the big bracket (the Poisson bracket) via

— —k' A
[K( W), L(u)](l) = ()" [, L], (2.49)
= —(-)""{dK, L} (2.50)
which is just the p = 1 term of the full derived bracket with the explicit coordinate expres-
sion
[K7d L](Al) — _( )k‘ k’( )k;/ 1)(l 1)”{3 K 'n..nlllemmn,,,n_i_
(R O K iy ™ ™ L™ ™+
_( )k/l-i-ll ale mn an mln n+
) K™ 0 L, ™"
+( )k/ ( )lk/K 'n---'nllk‘L 1’m.“'mn...npk_i_
( )kl+k’k/kl Km mkln nk L kln...npk (2‘51)
A _ L/
[K,L] = [Ka L) — (=) ) [dK, L, (2.52)

p>2

Also this bracket takes a very pleasant coordinate form for generalized multivectors
(see (C.69) on page 1l). In contrast to the full derived bracket, we have no guarantee
for this derived bracket to be geometrical itself.

Let us eventually note how one can easily adjust the extended exterior derivative to
the twisted case:

[d—i— HA, ZK] = ldy K (2.53)
dpK = dK + [H,K)* = dK — (—)" ¥ Y uPn (2.54)
p=1
with H being an odd closed differential form. It should be stressed that d+ HA is not a

differential, but on the operator level its commutator [d+ HA,...] is a differential and thus
the above defined dg is a differential as well.

2.2 Sigma-Models

A sigma model is a field theory whose fields are embedding functions from a world-volume
Y into a target space M, like in string theory. So far there was no sigma-model explicitly
involved into our considerations. One can understand the previous subsection simply as a
convenient way to formulate some geometry. The phase space introduced there, however,
is like the phase space of a (point particle) sigma model with only one world-volume
dimension — the time — which is not showing up in the off-shell phase-space. Let us now
naively consider the same setting like before as a sigma model with the coordinates =
depending on some worldsheet coordinates? o#. The resulting model has a very special

9The index g will not include the worldvolume time, when considering the phase space, but it will
contain the time in the Lagrangian formalism. As this should be clear from the context, there will be no
notational distinction.
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field content, because its anticommuting fields ¢ (o) have the same index structure as
the embedding coordinate (o). In one and two worldvolume-dimensions, ¢™ can be
regarded as worldvolume-fermions, and this will be used in the stringy application in B.2.
In general worldvolume dimensions, ¢™ could be seen as ghosts, leading to a topological
theory. In any case the dimension of the worldvolume will not yet be fixed, as the described
mechanism does not depend on it.

A multivector valued form on a C*°-manifold M can locally be regarded as an analytic
function of ™, d&&™ = ¢™ and 9, = b,,

K& (2, dv, 8) = Ky, ™™ (2)de™ A Adt™ Ay, A--- Ay, (2.55)
= Koy, ()€™ - €M by - by,
= K®F) (3, ¢, b) (2.56)
For sigma models, 2™ — x"(0),pm — pm(0),c™ — ¢™(o) and b, — by, (0) become
dependent on the worldvolume variables o#. They are, however, for every o valid arguments

of the function K. Frequently only the worldvolume coordinate ¢ will then be denoted as
new argument of K, which has to be understood in the following sense

K (o) = KB (2(0), ¢(0),b(0))

= Kmyom, " (2(0)) - €™ (0) - €™ (0) b, (0) -+ by (0)  (2.57)

Also functions depending on py,, like dK (z, ¢, b, p) in (B.33), or more general a function
T (2, ¢, b, p) as in (R:29) are denoted in this way

T (0) = T (2(0), (o), b(0),p(0))  (sce @) (2.58)
e.g. dK(0) = dK (2(0), e(0),b(0),p(0)) (sco (E33)) (2.59)
or 0(0) = 0(c(0), p(0)) = ™ (0)pm(o) (e (EF)) (2.60)

The expression dK (o) should NOT be mixed up with the worldsheet exterior derivative
of K which will be denoted by dVK (). Every operation of the previous section, like
(p)

15’ L or the algebraic or derived brackets leads again to functions of x, ¢, b and sometimes
p. Let us use for all of them the notation as above, e.g. for the derived bracket of the big

bracket (2.49), (B-51))

/ ASEAN / n1(A)
K L0] (o) = [KE,LE0] S (o(0), e(0).b(o),ple))  (261)
And even de™ = €™ and db,,, = p,,, will be seen as a function (identity) of ¢ or b,,, s.th.
we denote
& (o) = (o) (2.62)
db,,(0) = pm(o) (2.63)

107t is much better to mix it up with a BRST transformation or with something similar to a worldsheet
supersymmetry transformation. We will come to that later in subsection B.J. To make confusion perfect,
it should be added that in contrast it is not completely wrong in subsection to mix up the target space

exterior derivative with the worldsheet exterior derivative. ..
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Although d acts only in the target space on z, b, ¢ and p, the above obviously suggests to
introduce a differential — say s — in the new phase space, which is compatible with the
target space differential in the sense

$(b(0)) = dbrn(0) = pun(0) (2.65)

We can generate s with the Poisson bracket in almost the same way as d before in (2.§):

Q= /ddwal o(o /ddwal (o )pm(o),  s(...)={Q,...} (2.66)

The Poisson bracket between the conjugate fields gets of course an additional delta function

compared to (R.§), (B.6).

{pm(0)), 2" (o)} = 63,6™ (o' —0) (2.67)
{bm(d"),c"(0)} = oot — o) (2.68)

The first important (but rather trivial) observation is then that for K (o) being a function
of z(c),c(c),b(0) as in (B-57) (and not a functional, which could contain derivatives on or
integrations over o) we have

(o _0 o _9 z(o),c(o),b(o)) = o
S () = (€70) i + (o) gy ) K (a(0): (o). blo) = d(e) - (200

The same is true for more general objects of the form of T in (R.5§). Because of this fact
the distinction between dand sis not very essential, but in subsection P.§ the replacement
of the arguments as in (R.5§) will be different and the distinction very essential in order
not to get confused.

The relation between Poisson bracket and big bracket (R.23), (R.43) gets obviously
modified by a delta function

(KR, L0 0)} = [KE9,100] ()5 0" ~ ) (2.70)
or more general

{T(M',t”) (o), TEE ) (0’)} {T(t 4t T(t t, t")] o (o) 6™ Yo' —0) (2.71)

The relation between the derived bracket (using s) on the lefthand side and the derived
bracket (using d) on the righthand side is (omitting the overall sign in the definition of the
derived bracket)

{SK(k’k/)(O'/),L(l’l/)(O')} ) {dK(k’k/)(O'/),L(l’l/)(o')}

! ! A
B2b (e, o) G @ o) (@272)
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The worldvolume coordinates ¢ remain so far more or less only spectators. In the subsec-
tion R.5, the world-volume coordinates play a more active part and already in the following
subsection a similar role is taken by an anticommuting extension of the worldsheet.

Before we proceed, it should be stressed that the replacement of x,¢,b and p by
z(0),c(0),b(o) and p(o) was just the most naive replacement to do, and it will be a bit
extended in the following section until it can serve as a useful tool in an application in B.2.
But in principle, one can replace those variables by any fields with matching index struc-
ture and parity (even composite ones) and study the resulting relations between Poisson
bracket on the one side and geometric bracket on the other side. Also the differential
s can be replaced for example by the twisted differential or by more general BRST-like
transformations. In this way it should be possible to implement other derived brackets, for
example those built with the Poisson-Lichnerowicz-differential (see [l]), in a sigma-model
description. In R.5, a different (but also quite canonical) replacement is performed and
we will see that the different replacement corresponds to a change of the role of o and an
anticommuting worldvolume coordinate 6 which will be introduced in the following.

2.3 Natural appearance of derived brackets in Poisson brackets of superfields

In the application to worldsheet theories in section [], there appear superfields, either
in the sense of worldsheet supersymmetry or in the sense of de-Rham superfields (see
e.g. P4, [19])). Let us view a superfield in general as a method to implement a fermionic
transformation of the fields via a shift in a fermionic parameter @ which can be regarded
as fermionic extension of the worldvolume. In our case the fermionic transformation is just
the spacetime de-Rham-differential d, or more precisely s, and is not necessarily connected
to worldvolume supersymmetry. In fact, in worldvolumes of dimension higher than two,
supersymmetry requires more than one fermionic parameter while a single 6 is enough for
our purpose to implement s In two dimensions, however, this single theta can really be
seen as a worldsheet fermion (see B.J). But let us neglect this knowledge for a while, in
order to clearly see the mechanism, which will be a bit hidden again, when applied to the
supersymmetric case in @

As just said above, we want to implement with superfields the fermionic transformation
sand not yet a supersymmetry. So let us define in this section a superfield as a function of
the phase space fields with additional dependence on 8, Y = Y (z(0),p(0),c(0),b(0),0),
which obeys!!

& (2(0), p(0), (0),b(0),0) = oY (2(0), p(0), c(0), b(0),6) (2.73)
with  s"(0) = (o),
shin(0) = pm(0) (= 0) (2.74)

LTf this seems unfamiliar, compare with the case of worldsheet supersymmetry, where one introduces a
1
differential operator Qg = J¢ + 00, and the definition of a superfield is, in contrast to here, 6 Y = QY
where J. is the supersymmetry transformation of the component fields (compare @)
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With our given field content it is possible to define two basic conjugate'? superfields ®™

and S,, which build up a super-phase-space '3
" (0,0) = 2™ (o) +60c™(0) = 2™ (o) + Ost™ (o) (2.75)
Sm(0,0) = by (0) + Opm(o) = by (o) + Oshy,(0)
{Sm(0,0),0"(c',0')} = {bn(0),0c"(0")} + 0 {pm(0),2" (')} = (0 —0") 6(c — &’)d},,
———
=5(6-0)

® and S are obviously superfields in the above sense

09®"(0,0) = st™(0) +0sc™ (o) = sD™(0, 0) 09Sm = b (o) +0p,(0) = sS,,(0,0)
(o) 0 (o) 0
c (o = pm (o

(2.76)
as well as sP(0,0) = ¢(0) and sS(o,0) = p(o) are superfields, and every analytic function
of those fields will be a superfield again.

12The superfields ® and S are conjugate with respect to the following super-Poisson-bracket
{F(c',6'),G(0,0)} =

/d a/da (6F o',0')/58,(5, a)mkf& é)G(U ,0) — 6F(0',0") /50" (5, é)i)a(a 9))

0
Si(6,0
)

/d U/d@ (6F (0,0')/5Sk(5, 9)6@( 7

~ é
G(0,0) — (—)"96G(0",0)/68k(6,0) ———F 070)
(0:6) = () O56(0',0)/584(,8) s = F (0,6)
which, however, boils down to taking the ordinary graded Poisson bracket between the component fields
(as can be seen in ()) The functional derivatives from the left and from the right are defined as usual
via

0sA = /d U/d@ 0A/6Sk(5,0) - 8Sk(& /d U/d@ 05k ( &é 0 ——A
3S5(5,0)
and similarly for ®, which leads to
4 m 7\ sdw—1 ~ . 3
——S,.(0,0) = 6,(0 —0)5"™ —06)=—-0Sn(0,0)/5,.(5,0
TGS = O8N0 5) = ~59u(0,0)/Sn(7.)
) n n g dw—1 n m A
————®"(0,0) = 6,,(0 —0)6" —0)=06P 0)/0® (7]
S0 = 005" (0 —5) = 0" (0,0)/59" (7,0
The functional derivatives can also be split in those with respect to the component fields
1) _ 1) 5 ) . 1) _ ) 46 1) i
55m(5,0)  dpm(G)  6bm(3) som(5,0) ocm(5)  oxm(5)

!3For Grassmann variables (8’ — @) = 8’ — 0 in the following sense
/d9’(0’ -0)F(0) = /cﬂ'(@' —0)(F(0)+ (0" —0)0sF(0)) =
= /d9' 0'F(0) —60'00oF(0) — 00'0oF(0) = F(6)

We have as usual
050’ —0)=0(0"-6)=00"=6'(6'"-0)=05(6"-0)

Pay attention to the antisymmetry

50" —8) = —5(0—9')
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We will convince ourselves in this subsection that in the Poisson brackets of general
superfields, the derived brackets come with the complete J-function (of o and @) while
the corresponding algebraic brackets come with a derivative of the delta-function. The
introduction of worldsheet coordinates o was not yet really necessary for this discussion,
but it will be useful for the comparison with the subsequent subsection. Indeed, we do not
specify the dimension dy, of the worldsheet yet. An argument sigma is representing several
worldsheet coordinates o*. It should be stressed again that the differential d should NOT
be mixed up with the worldsheet exterior derivative d%, which does not show up in this
subsection.

Similar as in .2, equations (R.57)(R.63),we will view all geometric objects as functions
of local coordinates and replace the arguments not by phase space fields but by the just

defined super-phase fields which reduces for 8 = 0 to the previous case.

Tt (6,0) = T ((0,6),58(0,0), S(0,6),58(0,0) =T (0)  (see (B5T))

(2.77)
For example for a multivector valued form we write
K®K)(5.0) = K®F)(0™(0,0),9™(0,0), S,(0,0))
——
c™ (o)
= Kpyom, " (®(0,0)) 2™ (0,0)...50"%(5,0)8,,(0,0)... Shn, (0,0)
—_———
c™1 (o)
6=0 ’
= K®K) (o 2.78
) (o) (2.78)
Likewise for all the other examples of R.2:
e.g. dK(0,0) = dK (®(0,0),sP(0,0),S(0,0),sS(0,0)) (2.79)
or o(0,0) = o(s®(0,0),s5(o, )) c"(0)pm(o) = o(o) (2.80)

/ / A /
KK g L) (1)<a,0)z[K<’“’” ] (2(0,6),50(0,0), 5(0,6),55(c,0)) (2.81)

O=0r gk, k!), [,(L1) <A>( )

)

E

dz™(0,0) = D™ (0,0) = O’) (2.82
&b, (0,0) = sS,,(0,0) = (J) (2.83)
For functions of the type T**") (5, 0) we clearly have
dart' (s, 0) = s<T<t¢’¢”>(a, 9)) (2.84)
in particular  dK**) (5, 0) = S<K(k’k/)(0', 0)> (2.85)

As all those analytic functions of the basic superfields are superfields (in the sense of P.79)
themselves, Jg can be replaced by s in a 8-expansion, so that we get the important relation

T (6, 0) = TG (0) + 0dr 1) () (2.86)

K®F) (5,0) = K& (0) + 0dK FH) (5) (2.87)
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This also implies that dI'(o,0) and in particular dK (o, 0) do actually not depend on 6:
dK ®*) (g, 0) = dK ) (o) (2.88)

Now comes the nice part:

Proposition 1. For all multivector valued forms K*+*) L&) on the target space man-
ifold, in a local coordinate patch seen as functions of z™,de™ and 8,, as in (R.1(), the
following equation holds for the corresponding superfields (R.7§)

{K(k,k/) (0_/, 9/)’ L(l’l/)(O', 0)}

= 5(0' - 0)d(0 — o') - [dK, L]} (0, 8) + 066(0 — 6') (0 — o")[K, LI} (5,6) (2.89)
—_———— N———r

=1
— (=) [K,aL]§,

where [K, L](Al) is the big bracket (2.23) (Buttin’s algebraic bracket, which was previously
just the Poisson bracket, being true now up to a (o — ¢’) only after setting @ = ') and

(K ,dL](Al) is the derived bracket of the big bracket (2.49).

Proof  Using (R-87), we can simply plug K(o/,0") = K(¢/) + 6'dK (¢') and L(o, 0) =
L(o) + 0dL(0) into the lefthand side:

(K(0',0),L(0,0)} = {K(o"),L(0)} + 6 {dK(0"),L(0)} + () ¥ 0 {K(o'),dL(0)}
+(—)F 00" {dK (o), dL(0)} (2.90)
= {K(a'),L(U)} + (0" —0) {dK(O'/),L(O')}
+0d{K(o'),L(0)} — 66'd{dK (c"), L(0)} (2.91)

B2 505 — o) (1. 13, (0) + 04l LIy (0) ) +
+(0 — 0)5(0 — ) <[dK, L)% (o) + 6d[d, L), (a)) (2.92)

®39) 3(o — o) [K, L] (0,0) + (0" = 0)d(0 — o') [dK, L]} (0,0) O

There is yet another way to see that the bracket at the plain delta functions is the
derived bracket of the one at the derivative of the delta-function, which will be useful later:
Denote the coefficients in front of the delta-functions by A(K, L) and B(K, L):

{K(c',0"),L(c,0)} = A(K,L) - 6(8' —0)6(c — 0') + B(K,L)(0,0) 996(0 — 0") (0 — o”)
=1

(2.93)

In order to hit the delta-functions, it is enough to integrate over a patch U(co) containing
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the point parametrized by . We can thus extract A and B via

A(K, L)(0,0) = / & / 0o (K0 0), L(0,0)} = (2.94)

V()
_ / & / 0" (K (o) + 0'di(0"), L(0,0)} = (2.95)

_ / AP K (o)) L L(0,0)) (2.96)

S——
Ed o)

B(K,L)(0,0) = /dB’ /U( )dde]’(O’—O){K(a’,e’),L(o,O)} = (2.97)
_ / A3 K (0,60, L(0.0)} oo (2.98)

— A(K,L) = B(dK, L) (2.99)

It is thus enough to collect in a direct calculation the terms at the derivative of the delta-
function and verify that it leads to the big bracket. O

2.4 Comment on the quantum case

In (2.14)) the embedding via the interior product into the space of operators acting on forms
was interpreted as quantization . In the presence of world-volume dimensions, the partial
derivative as Schroedinger representation for conjugate momenta is no longer appropriate
and one has to switch to the functional derivative. Remember

P (0,0) = 2™ (0) + 0c™(0), dd"(0,0) = " (0) = dP(0) (2.100)
Sm(0,0) = by (o) + Opn (o), dS,,(0,0) = py, (o) = dS(o) (2.101)

The quantization of the superfields in the Schroedinger representation (conjugate momenta
as super functional derivatives) is consistent with the quantization of the component fields
(see also footnote [[J)

A h ) h ¢ h 9o
In(#:0) = 5onio.6) ~ ideno) FOism(o)
= [Sm(ffﬁ),@”(a'ﬁ')] = ? <5c,3(0) +05ﬂf(0)> (z"(0") + 0'cV(0")) = (2.103)

= ?5;@ CELANICENS! (2.104)

(2.102)

The quantization of a multivector valued form, containing several operators S at the same
worldvolume-point, however, leads to powers of delta functions with the same argument
when acting on some wave functional. This is the usual problem in quantum field theory
and requires a model dependent regularization and renormalization. We will stay model
independent here and therefore will not treat the quantum case for a present worldvolume
coordinate o. Nevertheless it is instructive to study it for absent o, but keeping 6 and
considering “worldline-superfields” of the form

"(0) = =™ + 6c™, do™(0) = c™ (2.105)
S1(0) = by, + Opyyy, ds,,(0) = pm, (2.106)

,19,



Quantum operator and commutator simplify to

S (6) = ?5@2(0) = ?afm * ?ajm (2.107)
= [8,,(0).8"(8")] = ?5;}1 6-0) (2.108)
[Sm(a),cﬁ"(e')] - ?5;}1 (2.109)

In contrast to o, products of 8-delta functions are no problem.
The important relation K(0) = K + 6dK (R.87) can be extended to the quantum case
as seen when acting on some r-form.

.54

i (8) B e 1 0dcp) (2110)

.3 K
D 110 +0 (1o + (i) = c(0) (@) (2111
with 1 (0) = 15 +0[d,1x] (2.112)

In that sense we have (remember K = (%)kl 1K)

K&K @) = K&K 4 gdK (2.113)
with aiv &2 d,f(] (2.114)

where the explicit form of this quantized multivector valued form reads

.
ROR0) = () Ko™ (0(0) Q07 (0)... Q0™ (0) 28l
‘ (2.115)

In the derivation of (R.119), 1;r and p both were evaluated at the same 6. Let us eventually
consider the general case:

KER) (610 (9) = (K + 0’d7() (p+ 0dp) (2.116)

— Kp+0dKp+ (—)*¥oKdp+ ()" ¥00'dkdp  (2.117)

= Kp+6d(Kp) +(0' - 0) (dKp+0d(dEp))  (2.113)

The relation between quantum operators acting on forms and the interior product therefore

becomes modified in comparison to (R.14) and reads

!

F05) (9)57) (8) = G) (1xc0(0) + (6~ ) racp(0) ) (2.119)

(—)F=* Lp

Proposition 2. For all multivector valued forms K *-*) L") on the target space man-
ifold, in a local coordinate patch seen as functions of ™ ,de™ and 8,, as in (R.10), the fol-
lowing equations holds for the corresponding quantized worldline-superfields (2.117) K ()
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and L():

K046, 2000)] = 3 G)p (0050 — 0) [, LI (0) +6(6'~0)[dK, L% (6))

p>1 -1

k' 41
[mkvk’)(a/),z(lvl”(e)] p(8) = (?) <Z[K7L]Ap<r>(a)+5(a—e)zd{KvL]Apm(e) (2.120)

+5(6" — ) <z[dK7L]A P (0) +6(0 — Oy o pm(é)) )

Again the algebraic bracket (B.42) comes with the derivative of the delta function
while the derived bracket (R.44)) comes with the plain delta functions. But this time the
algebraic bracket is not only the big bracket [, ]ﬁ), but the full one.

Proof Let us just plug in (R.113) into the lefthand side:

(K(6),L(0)] K +6'dK , L+ 6dL]
(K, L]+ 0'[dK , L]+ (-)* ¥6[K , dL] — (-)* ¥ @'0[dK , dL]
K,1]+6 [d, R, z]} + (60 - 9) ([d?(, L+ [d, dx z]})

— ~

= [K,L](8)+ (6 —0)[dK , L] (2.121)

(k119

Remember now the algebraic bracket (B.41)

[ty s tpaan] = UK, L)A = ZZ[K,L}(AP) (2.122)
p=>1
with [, L] = o L — (=) kK010 P e (2.123)

or likewise written in terms of K and L

A ’ ) ! h p —
[K(k,k )’ Il )] _ Z <;> [K, L](Ap) (2.124)
p>1

Due to (R.4) we have exactly the same equation for [d/[\( , L]. Plugging this back
into (R.121]) completes the proof of (R.12(). The second equation in the proposition is
just a simple rewriting, when acting on a form, which enables to combine the p-th terms
of algebraic and derived bracket to the complete ones. O

2.5 Analogy for the antibracket

In the previous subsection the target space exterior derivative d (realized in the o-model
phase-space by s) was induced by the the derivative dg with respect to the anticommuting
coordinate. But thinking of the pullback of forms in the target space to worldvolume-
forms, d can of course also be induced to some extend by the derivative with respect to the
bosonic worldvolume coordinates o* (including the time, because we are in the Lagrangian
formalism now) or better by the worldvolume exterior derivative d. To this end, however,
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we have to make a different identification of the basis elements in tangent- and cotangent-
space of the target space with the fields on the worldvolume than before, namely!'*

& — d"2" (o) = d"0"0,2" (o), 0, — x) (0) (2.125)

where x;’ is the antifield of 2™, i.e. the conjugate field to 2™ with respect to the an-
tibracket.!'® Let us rename

0" = d“o* (2.126)
For a target space r-form
P (@™ &™) = oy ()™ - ™ (2.127)

we define (in analogy to (R.7§), but indicating that we allow in the beginning only a
variation in o)

p5)(0) = P (@™ (0), d"2™(0)) = Py .om, (2(0))d"2™ (0) - - 2™ (0)  (2.128)

Attention: this vanishes identically for r > dy, (worldvolume dimension).
The worldvolume exterior derivative then induces the target space exterior derivative
in the following sense

4y (o) = (dp")e(0) (2.129)

!4 This identification resembles the one in [E] with @p, — pm(z) and d&™ — 92 (z), or ™ -+ - &P —
et P g, ™ (o) Op, P (o) in [@ It is observed in [E] that the Poisson bracket induces the Dorfman

bracket between sums of vectors and 1-forms (in generalized geometry) and in [E] more generally that the

Poisson-bracket for the p-brane induces the corresponding bracket between sums of vectors and p-forms
(which is called, Vinogradov bracket in [@) As 9z™ and p,, are commuting phase space variables, higher
rank tensors would automatically be symmetrized (only volume forms, i.e. p-forms on a p-brane, can be
implemented, using the epsilon-tensor). Symmetrized tensors and brackets inbetween (e.g. the Schouten
bracket for symmetric multivectors) make sense and one could transfer the present analysis to this setting,
but in general a natural exterior derivative is missing. Therefore the analysis for the above identifications
is done in the antifield-formalism. The appearing derived brackets will also contain the Dorfman bracket
and the corresponding bracket for sums of vectors and p-forms and in that sense the present approach is a
generalization of the observations above.

5The antibracket looks similar to the Poisson-bracket, but their conjugate fields have opposite parity,
which leads to a different symmetry (namely that of a Lie-bracket of degree +1 (or -1), i.e. the one in a
Gerstenhaber algebra or Schouten-algebra, see footnote E)

_ dw 6 kpsy O
(A,B) = /da (6A/mk+(a)WBf5A/6x (J)éwg(&)B)
- /d‘? (M/ﬁ(&)&w%w)sf(7)(1“*1)(3“)513/90;(&)&%@,4)
(4,B) = —(—)“VED (B, 4)
D) = gy P =~ (B1(0)
m _ 0 p_ (B z" (o
("(0),B) = 6%(0)37( )" (B,z™ (o))
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Again both sides vanish identically for now r + 1 > dy, which means that in this way
one can calculate with target space fields of form degree not bigger than the worldvolume
dimension. If we want to have the same relation for Kék’k )(O') (defined in the analogous

way), we have to extend the identification in (R.125) by

P — (o) (2130)
and get
dWKék’k)(U) _ (dK(k’k/))g(U) (2.131)
with
K (o) = K& (a™(0), d"2™(0), 27, (0)) (2.132)
(@ E)g(0) = AKEH) (@7(0), & (o) 2 (o). (o)) (2133)

The analysis is thus very similar to that of the previous section.

Proposition 3a. For all multivector valued forms K (k’k/), LEY) on the target space mani-
fold, in a local coordinate patch seen as functions of ™ ,de™ and 8,,, the following equation
holds for the corresponding sigma-model realizations (R.133), (R.139)

(Ko(o"),Lo(0)) = ([K.aLl)) g(0)6™ (0 — o) = (=) K 0"9,0% (o — o') ([K, LI, ) o(o)
N’

_(_)kikl [deL}(Al)
(2.134)
Proof The proof is very similar to that one of proposition 3b (R.14§) and is therefore

omitted at this place. O

Conjugate superfields. With 6% = d"o* we have introduced anticommuting coordi-
nates and it would be nice to extend the anti-bracket of the fields 2™ and x,!, to a super-
antibracket of conjugate superfields. Remember, in the previous subsection we had the
superfields @™ = x™ + 0c™ and its conjugate S,,. There we had one 8 and two component
fields. In general the number of component fields has to exceed the worldvolume dimension
dy, (the number of ’s) by one, s.th. we have to introduce a lot of new fields to realize
conjugate superfields. But before, let us define the fermionic integration measure p(0) via

0 1 0 0

0
/M(G)f(e) = ae—dw---wf(e) = d—wleﬂl---“dw o g (©) (2.135)

The corresponding d-dimensional d-function is

5dw(9/ _ 0) — (9/1 _ 91) . (eldw _ edw)

1
= i, (67— 07) - (@ — )

1

du
=2 k! (dy — k)l%...udwe/“l s GG
k=0 VTV '

[ o5t e -~ 0)1(6) = 10)
6 (0" — 0) = (=)o (6 —6') (2.136)
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For the two conjugate superfields, call them ®™ and ®;", we want to have the canonical

m»

super anti bracket
(@) (0",0),0"(0,0)) = 516% (0! — )™ (6 — 0) = — (2"(0,0), B}, (0, 0"))  (2.137)

From the above considerations about the fermionic delta function it is now clear, how
these superfields can be defined (they are known as de Rham superfields, because of the
interpretation of 8 as d"o*; see e.g. P4, [[9)):

2™"(0,0) = 2™ (0) + xy,, (0)0"d + it . (0)@F =1 4
T g, (0)OF - G (2.138)

1

oM ... o/ﬂdw—2$;bﬂdw—lﬂdw (O‘I) + ...

@%(0/7 0/) = 0/#1 . g/udw w%(a')—i— 9/;11 . aludw,lxapdw (U/)

1

1
d_W!ENI---NdW

1
+ 6. x,h et (o) (2.139)
!

~Hdy M

The component fields with the matching number of worldsheet indices are conjugate to

each other, e.g.

128 %) mrriv2

(wh92(0) 3,0, (0)) = Otz 0™ (0 = o) (2:140)

For the notation with boldface symbols for anticommuting variables, the worldvolume was
assumed to be even-dimensional. In this case, one can analytically continue the coordinate
form of multivector-valued forms of the form

K®R) (2, de, 8) = Koy ™™ de™ Ao Ade™ A 8y Ave - A By, (2.141)

to functions of superfields (in odd worldvolume dimension one would get a symmetrization
of the multivector-indices) and redefine K (o, 8) of (2.79) to

K& (g,0) = K& (9(0,0),d"D(0,0), 87 (0,0)) (2.142)

— Kml...mknlmnk/ (q))dwq)ml e dV P (I)Il .. (I)+ (2143)

nk/
All other geometric quantities have to be understood in this new sense now:

T(t,t',t”)(mg) — .t ") (®(0,0),50(0,0),85(0,0),sS(0,0)) (see (B.5§)) (2.144)

/

QEOT(t,t/,t”) (O')

To stay with the examples used in (R.77)-(R.83):
e.g. dK(0,0) = dK (®(0,0),d"®(0,0),S(0,0),d"S(0,0)) (compare (R.33)) (2.145)
or o(c,0) = o (d"®(0,0),d"S(0,0))

= d"®"(0,0)d"S,,(0,0) (compare o= c"py,) (2.146)
(k,k") €1 A — (k&) 7(1,1) (&) W, w
K adL ( )(070) = |K ’L ) (@(O’,e),d (I)(O',O),S(O',O),d S(O’,O))
1 1
& (0,0) = d¥0™ (0, 0)
(dd,)(0,0) = (dby,)(0,0) = d™S,,(c,8) (2.147)
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Note that the former relation K(o,0) = K (o) + 0dK (0) does NOT hold any longer with
those new definitions! Nevertheless we get a very similar statement as compared to propo-
sitions 2 on page @:

Proposition 3b. For all multivector valued forms K **) L") on the target space mani-
fold, in a local coordinate patch seen as functions of ™ ,de™ and 8,,, the following equation
holds for even worldvolume-dimension dy, for the corresponding superfields (2.149):

(K(c',0"),L(c,8)) = 6% (0’ —0)5% (6' — ) [K,dL](Al) (0,0) +
N’

—(—)k—¥[dK, L}(1)
_(_)kfkla‘uauédw (0’ - )5dw (01 _ 9) [K7 L](Al) (0'7 9) (2.148)

where [K, L]ﬁ) is the big bracket (P23) and [K ,dL](Al) is the derived bracket of the big
bracket (P.49).

Note that o and 8 have switched their roles compared to the previous subsection (2.89),
where the algebraic bracket came together with the derivative with respect to 8 of the
delta-functions, while now it comes along with d, of the delta-functions.

Proof Let us use again the second idea in the proof of proposition 2, i.e. first collect
the terms with derivatives of the delta function, only to show that one gets the algebraic
bracket, and after that argue that the term with plain delta functions is its derived bracket.
In doing this, however, we will need to prove an extension of the above proposition to objects
like dK (or more general an object T as in (B-2)) that contain the basis element p,,
which is then replaced by d%S,, as e.g. in (2.145).

(i) The antibracket between two such objects T and T gets contributions to the derivative
of the delta-function only from the antibrackets between d"®™ and ®;; and between ®™

and d“®; (compare (R.137))

(@) (c',0),d"2"(5,0)) = 61.6"9,6% (0 — o)™ (8" — 6) (2.149)
(d"2"(c’,0),®,.(0,0)) = 616"0,6% (0! — o)™ (6" — 6) (2.150)
(d"®;\,(0,0),2"(0,0)) = —07,0"0,6% (o' — )% (6' — 0) (2.151)
(@"(c',0),d"®} (0,0)) = —6" (2"(c",0'),0,%,(0,0))

= 010"0,0™ (¢! — 0)3™ (6’ — ) (2.152)

The last case is the only one where we had to take care of an extra sign stemming from 6
jumping over the graded comma. Comparing this to (B.5), where we had

{bm,c"} = o, (2.153)
{c", by} = & (2.154)
{pm,z"} = o, (2.155)
{z", pm} = =0y, (2.156)

one recognizes that the only difference is an overall odd factor 6#9,6% (o' — 0)é% (6" —
0) (the delta-function for 0 is an even object for even worldvolume dimension dy,) and
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an additional minus sign for the lower two lines, but the corresponding indices just get
contracted like for the Poisson bracket. After such a bracket of basis elements has been
calculated (which happens just between the remaining factors of T' (at ¢’) on the left and
the remaining factors of T' (at o) on the right) this overall odd factor has to be pulled to
the very left which gives an additional factor of (—=)*~*" (in the notation of (2:28)) plus an
additional minus sign for the upper two lines which compensates the relative minus sign of
before and we get just an overall factor of —(—)""*' 49,6 (o' — 0)6% (6’ — ) in all cases
at the very left as compared to the Poisson-bracket. The remaining terms are still partly
at o and partly at ¢/, but using

A(0)B(0")8,6(0c — ') = A(0)0,B(0)dé(c — ') + A(0)B(0)d,6(c —o’) VA,B (2.157)

we can take all remaining factors in T'(0’,0") at o, while 8’ is set to 6 anyway by the
d-function. We have thus verified one of the coeflicients of the complete antibracket:
. , 1A
(T(c,0'),T(0.0)) = —(—)'="'019,6% (5 — o')6% (6 — 0) [T, T} ) (@)

+6% (0 — 0")6% (0" — 0)A(0, ) (2.158)

with A(o,0) yet to be determined.
~1A
(ii) It remains to show that A(o,0) is a derived expression of [T, T } W A hint to this fact

is already given in (B.I57), but this is not enough, as there is also a contribution from the
(®™, ®.1)-brackets. In order to get a precise relation between A(c, ) and [T, T] (Al) (0,0),
let us see how one can extract them from the complete antibracket. In order to hit the delta
functions with the integration, it is enough to integrate over the patch U(o) containing the

point which is parametrized by o#. The last term in (2.15§) is the only one contributing
when integrating over ¢’ and 0

Ao,0) = [ o' / W@ (T, 0),7(c,0)) (2.159)

U(o)

That the first term on the righthand side of (R.15§) does not contribute is not obvious
as U(c) might have a boundary. However, for this term one ends up integrating a dy-
dimensional delta-function over a boundary of dimension not higher than dy, — 1, so that
one is left with an at least one-dimensional delta-function on the boundary which vanishes
as the boundary of the open neighbourhood U (o) of o of course nowhere hits o.
Extracting the algebraic bracket [T , T] (Al) is a bit more tricky. One can do it via

for any fixed [ ~}A (0,0) = (2.160)

index A

t—t/ w ! / i_ i o 0. T(o
[ o [ue) ( 1) L (T(0',6),T(0.6)
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o/A
The boundary term proportional to <e—A — 1) §% (o — ') appearing above on the right-
eO’

hand side after partial integration vanishes as ¢’ in the prefactor is set to o via the delta
function. A
The claim is now that A(c,0) = —(—)"" [dT, T} " (0,0). So let us calculate the

righthand side via (2.160):

0.0 =~ [ [ (%—1) (o', 6),T(5,6))

ar.7] 0"

(1)
e 0
_ t+1—t/ - -
(e [t [ (;—1) 200, (T(0",0),7(0.0))
(T,T) contains in both terms a plain d-function for the fermionic variables 8, so that we
can replace @ by 0. Integration by parts of 8; (where possible boundary terms again

do not contribute because of the vanishing of the delta function and its derivative on the
boundary) delivers the desired result

IR AN ’ ~ ’
7] | (0.0) =~ [ @ [u(®) (1('6).T(0:6)) = ~(-)' " A(s.0)
(2.161)
This completes the proof of proposition 3b. U

3. Applications in string theory or 2d CFT

In the previous section the dimension of the worldvolume was arbitrary or even dimensional.
The appearance of derived brackets (including e.g. the Dorfman bracket) is thus not a
special feature of a 2-dimensional sigma-model like string theory. There are, however,
special features in string theory. Currents in string theory (which have conformal weight
one) naturally are sums of 1-forms and vectors, if one takes the identification d12™ (o) <
de™ and p,,(0) < O, as in [[] (see footnote [[4), e.g. Iz™ = d1a™ — Gpz™=d™ — ™", .
This is closely related to the identification in our previous section in the antifield formalism.
In addition, only in two dimensions a single @ can be interpreted as a worldsheet Weyl spinor
(in 1 dimension it can be seen as a Dirac-spinor, but in higher dimensions the interpretation
of 8 as worldvolume spinor breaks down). As we ended the last section with the antifield
formalism, which therefore is perhaps still more present, let us start this section in the

reversed order, beginning with the application in the antifield formalism.

3.1 Poisson sigma-model and Zucchini’s “Hitchin sigma-model”

Remember for a moment the Poisson-o-model [RF, 4. It is a two-dimensional sigma-model
(dw = 2) of the form

1
h

where m,,, is a worldsheet one-form. This model is topological if and only if the Poisson-
structure P™"(x) is integrable, i.e. the Schouten-bracket of P with itself vanishes

Sp topological <— [P,P] =0 (3.2)
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It gives on the one hand a field theoretic implementation of Kontsevich’s star product [R4]
and is on the other hand related to string theory via a topological limit (big antisymmetric
part in the open string metric), which leads to the relation between string theory and
noncommutative geometry.

The necessary ghost fields for the action can be introduced by extending x and 7 to
de Rham superfields as in (2.138), (2.139)

" (0,0) = 2™ (o) + m;T(U) 0" + lelm(a) 0rren2 (3.3)
——
€ —gEurug O™

1 1
& (0, 0) = Eemwxﬁ‘“‘”(o/) +o'" 5#1#233;#@(0/) +§e“w20'“10'“2m$(0/) (3.4)
! —_———

/

=6,,(") "y
One can use Hodge-duality to rename some component fields as indicated. 3,,, is then the

ghost field related to the gauge symmetry. The action including ghost fields and antifields
simply reads

1
S = /dzg /u(e) &FdVO™ + §Pm"(<1>)<I>j;<I>j; (3.5)

The expression under the integral corresponds to the tensor —4,,"dc™ A 8,, + %Pmnam ANOy,
and the antibracket in the master-equation (S,.S) implements the Schoutenbracket on P,
which is a well known relation. Therefore we will concentrate on a second example, which
is very similar, but less known.

Zucchini suggested in [[19] a 2-dimensional sigma-model which is topological if a gen-
eralized complex structure in the target space is integrable (see subsection [C.9 on page b3
and [C.4 on page b to learn more about generalized complex structures). His model is of
the form

S=[d% [w) (B,d"®™+) LP™(®)®} P} — LQp(P)d O™ AR — ", d "D
(3.6)

where P™ Qpn, and J™, are the building blocks of the generalized complex struc-

ture (C23)

J N = (_an _Jnm> (3.7)

The first term of (B.€]) can be absorbed by a field redefinition as already observed in [R(].

Ignoring thus the first term and using our notations of before, S can be rewritten as

5= / o / 14(6) %j((l),d‘”(l),@*) (3.8)

Calculating the master equation explicitely and collecting the terms which combine to the

lengthy tensors for the integrability condition (see (IC.60)—([C.61))) is quite cumbersome, so
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we can enjoy using instead proposition 3b on page R§. For a worldsheet without boundary

its integrated version reads

(/ddw'/u(e')K(U',a'),/cﬁwU/u(a > /dd / Kalld) (0,6)
(3.9)

which leads to the relation
(5,8) =0 = /d2 / J.aJl3 (0,0) =0 (3.10)

The derived bracket of the big bracket of J with itself contains already the Nijenhuis tensor
(see in the appendix in equation ([C.71)) and in the discussion around)

(TaT18) = Nt 0208 177 75,,6p, (3.11)
=" Mananan " €265 4 4o (3.12)

& = (&™),  ps=(;0) (3.13)
o(dv,p) = dd"py (3.14)

For J? = —1 the last term is proportional to the generator o (remember (R.§)). In (B.10),
however, it appears with dr and p replaced by the superfields as in (2.144)

o(0,0) = d"®"(0,0)d"S,,(0,0) = —d" (d"®"(0,0)S,,(0,0)) (3.15)

which is a total worldsheet derivative and therefore drops during the integration. We are
left with the generalized Nijenhuis tensor as a function of superfields

N(0,0) = Napy vy s (@)1 1245 (3.16)
with M = (@™ &) (3.17)

Written in small indices

N(0,0) = Nonymoms (@) d¥0™ d" D™ d™D™ +3N™ )1, (OB VO™ d¥P™2
=0
+3N,™2 (D) D" P} B+ NI (D)D) D) B (3.18)

mTm T m

One realizes that the first term vanishes identically (as mentioned in [1d]) and only the
remaining three tensors are required to vanish in order to satisfy (B.10).

3.2 Relation between a second worldsheet supercharge and generalized complex
geometry

In [1] the relation between an extended worldsheet supersymmetry in string theory and
the presence of an integrable generalized complex structure was explored. Zabzine clarified
in [Ig the relation in an model independent way in a Hamiltonian description. The struc-
tures appearing there are almost the same that we have discussed before although we have
to modify the procedure a little bit due to the interpretation of 8 as a worldsheet spinor.

,29,



Consider a sigma-model with 2-dimensional worldvolume (worldsheet) with manifest
N = 1 supersymmetry on the worldsheet. In the phase space there is only one o-coordinate
left. Let us denote the corresponding superfields, following loosely [I§], by

A

3

=
Il

2™ (o) + 0" (o) (3.19)
Sm(0,0) = p,,(0) + 0py,(0) (3.20)

In comparison to section P.3, there is a change of notation from ¢™ — A™ and b,, — P
as b and c suggest the interpretation as ghosts which is not true in this case, where A
and p are worldsheet fermions. Introduce now, following Zabzine, the generator Qg of the
manifest SUSY and the corresponding covariant derivative Dg

Qg =09 + 00, Dg = 09 — 00, (3.21)
with the SUSY algebra
[QOa QO] = 280 = - [DB’ D@] [QG’ D@] =0 (322)

Qg is the sum of two nilpotent differential operators, namely 0p and 60,. Acting on the
Superfields @™ and S™, they induce the differentials s and § on the component fields,
which are in turn generated via the Poisson bracket by phase space functions € (the same

as (2:69)) and €.
Q= /da P (3.23)

Q= —/da ds*py, (3.24)

s ={Q, 2"} = A" o &, Pm = {2 P} = pm < dOn), ( )
a={ QA" = -0,0", = —0op = {Qmr} (3.26)

P = 0g@™, S = 0SB =00,9™, §S,, = 00,8,  (3.27)

The Poisson-generator for the SUSY transformations of the component fields induced by'®
Qp is thus the sum of the generators of sand s

Q=0Q+Q= /da Nepr — 9,2Fpy, = —/da/da Qp®* S, (3.28)

In (R.79) superfields were defined via Y = sY” in order to implement the exterior deriva-
tive directly with Jg. In that sense ®, S, d®, dS and all analytic functions of them were

1
5We have

Qeém = Am + 085$m7 QQSm = Pm + oaopm
Dg®™ = A" (o) — 00,2™, DoSm = pm —005p,,
dex™ = eA™, A" = —ed,x™

0eppy = EPm, depm = —€05p,,
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superfields. In the context of worldsheet supersymmetry, one prefers of course a supersym-
metric covariant formulation. Let us therefore define in this subsection proper superfields
via

Y is a superfiled <= QpY = {Q, Y} =(s+9Y (3.29)

which holds for ®, S, Dg®, DgS, all analytic functions of them (like our analytically con-
tinued multivector valued forms) and worldsheet spatial derivatives 0, thereof (but not
for e.g. Qg®. This means that although we have Qg® = (s+ §® this does not hold for a
second action, i.e. Q29<I> # (s+ 82®, which explains the somewhat confusing fact that the
Poisson-generator @ has the opposite sign in the algebra than Qg

[Q.Q} = —2P (3.30)

where we introduced the phase-space generator P for the worldsheet translation induced
by 0,

p= / do Oy py + 0, \Epy = / do / 0 0,0, (3.31)

The same phenomenon appears for the differentials sand § The graded commutator of Jg

and 00, is the worldsheet derivative [0g,00,] = J,, while the algebra for s and §has the
opposite sign

[s9Y(0,0) = —0,Y (0,0) (3.32)

€= {QQ} - _P=%) (3.33)

One major statement in [Ig] is as follows: Making a general ansatz for a generator of a

second, non-manifest supersymmetry, of the form (some signs are adopted to our conven-
tions)

Q, = % / do / d@ (P""(®)S,,Sn — Qun(P)De®@"Dg®" + 27", (9)S,,,De®")  (3.34)

and requiring the same algebra as for Q in (B.30)

{Q2. Q) = —2P (3.35)
({Q,Qg} = 0) (3.36)

is equivalent to
JVN = (_an —J"m> (3.37)

being an integrable generalized complex structure (see in the appendix [C.9 on page b3
and [C.4 on page pg). On a worldsheet without boundary, the second condition is actually
superfluous, because it is already implemented via the ansatz: The expression in the integral
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is an analytic function of superfields and therefore a superfield itself. According to (B.29)
we can replace at this point the commutator with @ with the action of Qg and get

{Q,QQ}:/da/dG Qg(...):/da (.. =0 (3.39)

For the other condition, the actual supersymmetry algebra (B.35), the aim of the present
considerations should now be clear. The generalized complex structure 7 itself is a sum of
multivector valued forms

T = TN (@) tyty = P™(2)0m A 8y — Quun(z)de™de™ + 2™, ()8, A ™ (3.39)
which can be seen as a function of z and the basis elements
J =J(z,dr,d) (3.40)

In P we replaced the arguments of functions like this with “superfields” 2™ — @™,
dc™ — 0g®™ and 8,, — S;. The name superfield might have been misleading, as Jg® is
only a superfield in the sense that it implements the target-space exterior derivative via Jg,
but it is not a superfield in the sense of worldsheet supersymmetry. In a supersymmetric
theory one prefers a supersymmetric covariant formulation. Working with dg® as before
is therefore not desirable and we replace Jg® by Dg®, leading directly to Q5 (B.34) which
now can be written as

Q, - %/da/de(Cb(a,G),DgtI)(a, 9),5(.0)) (3.41)

Apart from the change Jg® — Dg® we expect from the previous section that the Poisson
bracket of @, with itself induces some algebraic and some derived bracket of J with itself
which then corresponds to the integrability condition for 7. This is indeed the case, but
we first have to study the changes coming from Jdg® — Dg®. In other words, we need
a new formulation of proposition 1 (2.89) in the case of two-dimensional supersymmetry
(Proposition 1 is of course still valid, but it is not formulated in a supersymmetric covariant
way. It should, however, be applicable to e.g. BRST symmetries ). Let us redefine the
meaning of K (o,0) in (79) for a multivector valued form K *:¥)

K& (g,0) = K®K) (@™ (0,0),D®™(0,0), Sm(a,8)) (3.42)
= Ky, (9(0,0)) Dg®™ (0,8) ... Dg®"™ (0, 0) x
X Sp,(0,0)...8,,,(0,0)

1’

6=0 ’
K& (o
&) (@)
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Likewise for all the other examples in (2.77)-(R.83):

T (0,0) = TH) (8(0,0),De®(0, ), S(0,0),DeS(5,8))  (see (2:53))

géoT(t,t/,t”) (U)
eg. dK(0,0) = dK (®(0,0),DgP(0,0),S(0,0),DgS (0,0
g (0,0) (®(0,6),Dg®(c,6),5(0,0) (

)

or 0(0,0) = 0(Dg®P(c,0),DgS(0,0)) (_ 0:

ng)m(O' G)DQS (— O

(0,0) = [KEF),LEDND (3(0,0), Dod(0,0), S(0,0), DeS (0, 0))

o

k"
o

[K( k). L(”)]()

@)
k,k! 1,
gm L] o)

i
dz™(0,0) = De®™(0,0) = A"(0) — 80,2™ (0)
dd(0,0) = DeSin(0,0) = pm(0) — anpm(o-)

Expanding K in 6 yields

K (0,0) = K9 (0) + 0 (99 KE4)(0,6))

9/:0> (3.43)

= K& () + 0 ( Qe K*F*) (5,0 3.44
6 0'=0

As K is a superfield, we can replace Qg by s+ s

K® ) (5.0) = K®F) (0) + 0(s+ 8 K+ (o) (3.45)
— KR (5) 1 9 <(d+ 1) Kk >) (0) (3.46)

vk ——9,xk

This is the analogue to the non-supersymmetric (R.87) and delivers the exterior derivative
which will lead to the appearance of the derived bracket. The relation between s and the
inner product with a vector should perhaps be clarified. Remember that all multivector
forms at 8 =0, K (k’k/)(a), are analytic functions of the component fields ™, A™ and p,,
. But among those fields, sacts only on A™ and we can express it with partial derivatives
(instead of functional ones) when acting on K:

- 0

sK(0) = —0pa™ INT K(z,\ p) = ZUK(U)’vszagmk (3.47)
in the Poisson bracket of sK with another multivector valued form L at & = 0, nothing

acts on v* = —9,2* (which would produce a derivative of a delta function), as L does not
contain pg. Therefore we have

{8K(0"), L(0)} = 1K, L](0)| kg, 44 6(0 — o) (3.48)

which we will need below. For superfields we have Y (0,0) = Y (0)+6(s+8Y (). Applying
the same to v yields

v*(0) 4+ 0(s+ Yv*(0) = —0,2" — O(s+ 80,25 (0) = —0,2" — 00,\%(0) = -9, D% (3.49)
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Proposition 1b. For all multivector valued forms K *+) L) on the target space mani-
fold, in a local coordinate patch seen as functions of ™ ,de™ and 3,,, the following equation
holds for the corresponding worldsheet-superfields (B.49)
!/ / A
{K®*)(o’,6"), L") (0,0)} = D (5(0—0')3(0—0")) [K, L]} (0,0)+3(6" — 6)x
w80 — U')( [dK, LI} (0. 0) + [0, K, LIf) (0.0) vk}@g@)
_(_)kikl[KﬂvL}

—(=)F=H KoLl

(3.50)
where e.g. [dK, L](l)(a,e) = [dK, L](Al) (®(0,0),De®(0,0),S(0,0),DgS(0,0)). The inte-

grated version for a worldsheet without boundary reads

{ / do’ / d0' KK (o' 9, / do / 0 L(l’l/)(a,e)} - (3.51)

~ (s+3 / do ([K.aLlfy) — (VoK. LI,

vk=—0,xk

Proof Let us use (B.45)) for both multivector valued fields and plug into the lefthand
side of (B.50)
{K(U', 0, L(o, 9)} =
={K(co')+ 0'(s+9K(c'), L(0) + O(s+9L(0)}
={K(0),L(0)} + 6" {(s+9K(c'), L(c)} + (- {K(o'), (s+9L(0)}
+ (=)0 {(s+ 9K (o"), (s+YL(o )}

={K(o'),L(0)} + (6’ — 6) {(s+é)K( (o)} +60(s+9 {K(c"),L(o)}
+6'0(s+9 {(s+9K(d'),L(c)} — 99{ s+9(s+9K(c'),L(o)}
= (1+0(s+9) {K(d'), L( }+ 0 —6)(1+6(s+9){(s+9K(c'),L(c)}

~0'6] @ K(o"),L(0)}
—8,
=0(c —0') (14 6(s+8) [K, LI} (0) + (0' = 0) (1 + 6(s+8) {(s+ 9K (o”), L(0) }
—(6/ = 6)00,0(c — o) [K, L]} (0)
Now let us make use of (B.49) and (B.49) to arrive at
{K(c,0'), L(0,0)} = D (6(6 — 0")3(c — o')) [K, L], (o, 6)

+5(60' = 0)5(0 — o') [(d+ 1)K, L]} (0,6) vk =0, Bk

which is the first equation of the proposition. Integrating over 8’ and ¢’ results in

/ do’ / 46 {K(o',8'), L(0,0)} = [(d+ 1)K, L3, (0,6)

= [(d+w)K, L], (o)

vk =—0, Dk

vh=—8

+0(s+9 [(d+ w)K, L], (o)

vk=—0,xk
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A second integration picks out the linear part in € and adjusting the order of the integra-

tions gives the additional sign in (B.51]). O

Application to the second supercharge },. We are now ready to apply the propo-
sition in the integrated form (B.51]) to the question of the existence of a second worldsheet
supersymmetry Q. Remember, we want {Q,, @5} = —2P. Due to the proposition, the
lefthand side can be written as

(@2Qa) = {65+ [ do (17071~ 1. T o) @)

v=—0,zkp,,
For J? = —1, the second term under the integral simplifies significantly
1 A _ K. Lg M
—Z/da[%j, j](1) —tthp —/dUU J“JIL" tu oot
= —/da D2t p, = Q (3.53)
Recalling that
(s+90 =N == (s+9Q =P (3.54)
and Q= /da o(o) (see (R.60)) (3.55)
we can rewrite (B.59) as
1 .
= {Q2, @2} = ;(s+5 (/ do [T.aJ10) +4Q> (3.56)
1 A .
= 26+ ( [ do ([j,dj](l) —40) (o)) +2.: (3.57)
—P
The righthand side clearly equals —2P for
[7.aJ]3) — 40 =0 (3.58)

which is again (according to (C.9¢)) just the integrability condition for the generalized
almost complex structure 7.

4. Conclusions

We have seen two closely related mechanisms in sigma-models with a special field content
which lead to the derived bracket of the target space algebraic bracket by the target space
exterior derivative. This exterior derivative is implemented in the sigma model in one case
via the derivative with respect to a (worldvolume-) Grassmann coordinate and in the other
case via the derivative with respect to the worldvolume coordinate itself. In the latter
case this derivative has to be contracted with (worldvolume-) Grassmann coordinates in
order to be an odd differential. This leads to the problem that higher powers of the basis
elements vanish, as soon as the power exceeds the worldvolume dimension as it happens
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in Zucchini’s application. A big number of Grassmann-variables is therefore advantageous
in that approach. For the other mechanism one rather prefers to have only one single
Grassmann variable as there is no need for any contraction. There is one worldvolume
dimension more in the Lagrangian formalism and for that reason it was preferable to apply
there the mechanism with worldvolume derivatives and use the other one in the Hamiltonian
formalism.

If one does not consider antisymmetric tensors of higher rank, but only vectors or one-
forms (or forms of worldvolume-dimension), the partial worldvolume derivative without a
Grassmann-coordinate is enough. There is either no need for antisymmetrization or it can
be performed with the worldvolume epsilon tensor. The nature of the mechanism remains
the same and leads to the observations in [B, fl] that the Poisson bracket implements the
Dorfman bracket for sums of vectors and one-forms and the corresponding derived bracket
for sums of vectors and p-forms on a p-brane [[f]. In that sense, the present article is a
generalization of those observations.

There remain a couple of things to do. It should be possible to implement in the same
manner by e.g. a BRST differential other target space differentials which can depend on
some extra-structure and repeat the same analysis. Symmetric tensors then become more
interesting as well, because they need such an extra-structure anyway for a meaningful
differential. From the string theory point of view, the application of extended worldsheet
supersymmetry corresponds to applications in the RNS string. But generalized complex
geometry contains the tools to allow RR-fluxes, which are hard to treat in RNS. It would
therefore be nice to find some topological limit in a string theory formalism which is
extendable to RR-fields, like the Berkovits-string [R6], leading to a topological sigma model
like Zucchini’s, in order to learn more about the correspondence between string theory and
generalized complex geometry.
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A. Notation and conventions

Within the article, a lot of different types of tensors have to be denoted. The choices and
sometimes some logic behind, will be presented here.
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World-volume-coordinates are denoted by o*, target-space coordinates by x™, target

space vector-fields by a, b, ... or v,w, ..., 1-forms by small Greek letters «, 3, ... and gener-
alized T' @ T™*-vectors by a,b,... or v,t0,... . For an explicit split in vector and 1-form, the
letters from the beginning of the alphabet are better suited, as there is a better correspon-
dence between Latin and Greek symbols or one can visually better distinguish between
Latin and Greek symbols. Compare e.g. a =a+ «a and v = v + (?v).
Higher order forms will be in general denoted by a® 3@ or w®) n(q),p("), .... There
will be exceptions, however , for specific forms like the B-field B = B,,,dt™ A d&z™. Fol-
lowing this logic, we will also denote multivectors (tensors with antisymmetric upper in-
dices) by small letters, indicating their multivector-degree in brackets: a® b9, . or
v® w@ ... There are again exceptions, e.g. a Poisson structure will often be denoted
by P = P™9,, A 8,. The most horrible exception is the one of the beta-transformation,
which is denoted by a large beta ﬁmn in (C.47), in order to distinguish it from forms.

Tensors of mixed type will be denoted by capital letters where we denote in brackets
first the number of lower indices and then the number of upper indices, e.g. T (P2 Most
of the time, we treat multivector valued forms, e.g. the lower indices as well as the upper
indices are antisymmetrized. The letters denoting form degree and multivector degree will
often be adapted to the letter of the tensor, e.g. K*+F) L&)

Attention: k and [ are also used as dummy indices! Sometimes (I'm sorry for
that) the same letter appears with different meanings. However, in those situations the
dummy indices will carry indices which might even be one of the degrees k or k', e.g.

Working all the time with graded algebras with a graded symmetric product (the wedge
product), everything in this article has to be understood as graded. i.e. with commutator
we mean the graded commutator and with the Poisson bracket the graded Poisson bracket.
They will not be denoted differently than the non-graded operations. Relevant for the sign
rules is the total degree which we define to be form degree minus the multivector degree.
In the field language, it corresponds to the total ghost number which is the pure ghost
number minus the antighost number. It will be denoted by

| KWK | = | — & (A.1)
As only degrees appear in the exponent of a minus sign, a simplified notation is used there
(= (ML (B = (JARBL (AB = (B A B ()

For the Poisson bracket, the following (less common) sign convention is chosen:

{pm, 2"} = 05 = —{2", pm} (A.3)
{bims "} = 6, = —(=)" {c" b} (A.4)
Derivatives with respect to ™ are denoted by (%im f = 0mnf = fm. For graded variables

left derivatives are denoted by 8% f(e), while right derivatives are denoted equivalently by
two different notations

-
0
Jdc

df(c)/0c = f (A.5)
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The corresponding notations are used for functional derivatives #?') With respect to the
wedge product, the basis element 9,, is an odd object (8,, A 8,, = —8,, A Oy,). The partial
derivative Jy acting on some coefficient function, however, is an even operator (it does not
change the parity as long as it is not contracted with a basis element de*). That is why
we denote the odd basis element 8,,, and de™ as well as the odd exterior derivative d with
boldface symbols. The interior product itself does not carry a grading in the sense that
| ikp |=| K | + | p |, while for the Lie derivative L = [1x,d] the L carries a grading
in the sense | Lxp |=| K | + | p | +1. That is why the Lie derivative is denoted with a
boldface £ which is also very good to distinguish it from generalized multivectors IC, L, . . ..
The philosophy of writing odd objects in boldface style is also extended to the combined

basis element

ty = (O, &™),
M = (&™,8,,) (A.6)
and to the comma in the derived bracket [,] in contrast to the commutator [, ]. This

should be, however, just a reminder. It will be obvious for other reasons, which bracket is
meant. But we do not extend this philosophy to vectors and 1-forms, where it would be
consistent (but too much effort) to write the vectors and basis elements in boldface style
and the coefficients in standard style. We will instead write the vector in the same style as
the coefficient ¢ = a,,dr™.

A square bracket is used as usual to denote the antisymmetrization of, say p, indices
(including a normalization factor I%) A vertical line is used to exclude some indices from

antisymmetrization. An extreme example would be
Alablcdle|fg|hi] (A.7)

where A is antisymmetrized only in a,b, e, h and 4, but not in ¢,d, f and g. Normally we

cd|

use only expressions like Al#bledlefd] where a,b, e, f and g are antisymmetrized.

Wedge product. A significant difference from usual conventions is that for multivectors,
forms and generalized multivectors we include the normalization of the factor already in
the definition of the wedge product

1
& =T AL A =M e ed™ =Y ™ @ @ d™ e (A8)
n.
P

1
O, - Om Eaml/\---/\amnE3[m1®---®3mn]Ezﬁamﬂl)é@---@am},(m (A.9)
—

1
ta, .ty =t A ANy, = t[IVh ®...Q tIV[n] = Z EtMP(l) ®R...Q t]\/IP(n) (AlO)

P

(where we sum over all permutations P), such that we omit the usual factor of 1% in the

coordinate expression of a p-form, or a p-vector

a®) = Uy, N NS = gy, - d™P (A.11)
vlP) = MG A LA D, (A.12)
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Readers who prefer the I%, can easily reintroduce it in every equation by replacing e.g. the
coefficient functions v"1"r — I%vml"'mp. The equation for the Schouten bracket (B.9),

for example, would change as follows:

mi..Mptq—
[U(P),w(Q)] teita pv[m1...mp_1|kakw|mp...mp+q—1}
_qv[ml---mp| kwk|mp+l---mp+q—l]

S [U<p>,w<q>]m“mp+q—1 _ b mempalkg, g mpempg-a]
(p+q—1)! (p—1!¢!
1 1

“pl(g - 1)

v[ml---mz)| kwk [mpt1-.mptq—1]
)

Schematic index notation. For longer calculations in coordinate form it is useful to
introduce the following notation, where every boldface index is assumed to be contracted
with the corresponding basis element (at the same position of the index), s.th. the indices

are automatically antisymmetrized.

w? = Wiy, ™ 0" = Wiy (A.13)
al?) = g, AL B, = a™ ™ (A.14)
K® = Kan a1 6 = Kng (A.15)

= M Mogyr oty = MM (A.16)

or for products of tensors e.g.

m1 m
Wm..mlm..m = w[ml---mpnmp+l~..mp+q]dE oo de™eta

_ mi m _
= wml...mpnmp+1...mp+qdc cedpPTe = (_)pqnm...mwm...m

A boldface index might be hard to distinguish from an ordinary one, but this notation is
nevertheless easy to recognize, as normally several coinciding indices appear (which are not
summed over as they are at the same position). Similarly, for multivector valued forms we
define!”

Ko™ ™ = Ky, "W de™ A A" @ Oy A A Oy, (A.17)

= ni.MNgr 1P LNy g™ L Je MR- cee
=K, ..o, Loy dr e DOy Oy,

"Upper and lower signs are thus treated independently. For calculational reasons this is not the best
way to do. We can interpret every boldface index on the lefthand side of () as a basis element sitting
at the position of the index, so that the order of the basis elements on the lefthand side is first £ x dz™,
(k' —1)Om, (I —1) x &&™ and I’ X Bm, s.th., in order to get the order of the righthand side, we have to
interchange (k' — 1)8., with (I — 1) X dz™, which gives a sign factor of (—)(k/_l)(l_l)A This is a natural
sign factor which appears all the way in the equations, which could be easily absorbed into the definition.
However, we wanted to keep the sign factors explicitly in the equations in order to keep the notation as
self-explaining as possible and not confuse the reader too much.
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B. Review of geometric brackets as derived brackets

Mathematics in this section is based on the review article on derived brackets by Kosmann-
Schwarzbach [[l. The presentation, however, will be somewhat different and in addition to
(or sometimes instead of) the abstract definitions coordinate expressions will be given.

B.1 Lie bracket of vector fields, Lie derivative and Schouten bracket

This first subsection is intended to give a feeling, why the Schouten bracket is a very natural
extension of the Lie bracket of vector fields. It is a good example to become more familiar
with the subject, before we become more general in the subsequent subsections, but it can
be skipped without any harm (note however the notation introduced before (B.12)).

Consider the ordinary Lie-bracket of vector fields which turns the tangent space of a
manifold into a Lie algebra or the tangent bundle into a Lie algebroid and which takes in
a local coordinate basis the familiar form

[v,w]™ = vEOw™ — wk o™ (B.1)

We will convince ourselves in the following that numerous other common differential brack-
ets are just natural extensions of this bracket and can be regarded as one and the same
bracket. Such a generalized bracket is e.g. useful to formulate integrability conditions and
it can serve via the Jacobi identity as a powerful tool in otherwise lengthy calculations .
In addition it shows up naturally in some sigma-models as is discussed in section [

Given the Lie-bracket of vector fields, it seems natural to extend it to higher rank
tensor fields by demanding a Leibniz rule on tensor products of the form [v,w; ® wsy] =
[vywi] ® wa + wi ® [v,we]. Remembering that the Lie-bracket of two vector fields is just
the Lie derivative of one vector field with respect to the other

[vw] = Lyw (B.2)

the Lie derivative of a general tensor T' = T,leclﬁp "™ @...d"™ R0y @ Q 0y, with
respect to a vector field v can be seen as a first extension of the Lie bracket:

[v,17] = L, T (B.3)

ni.mg _ .k ni...ng n; 1N —1knig1...ng
[U’T]ml...mp = akTml...mp - Ok ZTml...mp
7

kn1..-Nq
+Zamjv Tml...mj_lkmj+1...mp
J

The Lie derivative obeys (as a derivative should) the Leibniz rule
[U,Tl & TQ] = [U,Tl] RTH+T ® [U,TQ] (B4)

In fact, giving as input only the Lie derivative of a scalar ¢, namely the directional derivative
[v,0] = v*Ok¢, and the Lie bracket of vector fields (B.])), the Lie derivative of general
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tensors (B.3) is determined by the Leibniz-rule. Insisting on antisymmetry of the bracket,
we have to define

[Tyw] = —[v,T] (B.5)

Indeed, it can be checked that the above definitions lead to a valid Jacobi-identity of the
form

[v, [w,T]] = [[vyw] ,T] + [w, [v,T]] for arbitrary tensors T (B.6)
which is perhaps better known in the form
[EQM L:w] T = L:[v,w}T (B?)

We have now vectors acting via the bracket on general tensors, but tensors only acting
on vectors via (B.H) . It is thus natural to use Leibniz again to define the action of
tensors on tensors. To make a long story short, this is not possible for general tensors. It
is possible, however, for tensors with only upper indices which are either antisymmetrized
(multivectors) or symmetrized (symmetric multivectors). We will concentrate in this paper
on tensors with antisymmetrized indices (the reason being the natural given differential for
forms which also have antisymmetrized indices), but the symmetric case makes perfect
sense and at some points we will give short comments. (See e.g. [27 for more information
on the Schouten bracket of symmetric tensor fields.)

Given two multivector fields (note that the prefactor 1/p! is intentionally missing (see

page BY).

@)

Uml...mpaml /\ . /\ 8m137

W = W™, A LA Om, (B.8)

their Schouten(-Nijenhuis) bracket, or Schouten bracket for short, is given in a local coor-
dinate basis by

[U(pgw(q)}m“m””‘l = polmi-mo-lk g lmp-mppq-1]

_qv[ml...mp|7kwk‘|mp+1---mp+q—1} (B.9)

Realizing that the Lie-derivative (B.3)) of a multivector field w@ with respect to a vector
v s
[v,w(q)} ni..ng _ vkakwm“'"q _ qakv[nﬂwk [n2...ng] (B.lO)

one recognizes that (B.9) is a natural extension of this, obeying a Leibniz rule, which we
will write down below in (B.I7). However, as the coordinate form of generalized brackets
will become very lengthy at some point, we will first introduce some notation which is
more schematic, although still exact. Namely we imagine that every boldface index m is
an ordinary index m contracted with the corresponding basis vector 8,, at the position of

the index:

v(p) — vm1...mp8ml A A am MU (B.ll)

P
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This saves us the writing of the basis vectors as well as the enumeration or manual an-
tisymmetrization of the indices. As a boldface index might be hard to distinguish from
an ordinary one, we will use this notation only for several indices, s.th. we get repeated
indices m ... m which are easily to recognize (and are not summed over, as they are at the
same vertical position). See in the appendix [f] on page B] for a more detailed explanation.
The Schouten bracket then reads

[v(p),w(q)} _ pvm...mkakwm...m _ qvm...m7kwkm...m (B12)
_ pvm...mkakwm...m o (_)p(q—l)qwkm...mvm---m,k (B.13)
_ pvm...mkakwm...m _ (_)(pfl)(qfl)qwm...mkakvm...m (B14)

In the last line it becomes obvious that the bracket is skew-symmetric in the sense of a Lie
algebra of degree!® —1:

{v(p),w(‘ﬂ] - _(_)(p—l)(q—l) [w(q),v(”)] (B.15)
It obeys the corresponding Jacobi identity
[ngl), [Uém),vém)ﬂ _ vapl),vgm)} ,ng?’)] + (_)(plfl)(pzfl) [Ugm), [ngl)vvg(ng)H (B.16)

Our starting point was to extend the bracket in a way that it acts via Leibniz on the wedge
product. A Lie algebra which has a second product on which the bracket acts via Leibniz
is known as Poisson algebra. However, here the bracket has degree —1 (it reduces the
multivector degree by one) while the wedge product has no degree (the degree of the wedge

A Lie bracket [,(n) } of degree n in a graded algebra increases the degree (which we denote by | ... |)
by n
[[Ay Bl =l A+ B[ +n

It can be understood as an ordinary graded Lie-bracket, when we redefine the grading || ... || =| ... | +n,
such that the Lie bracket itself does not carry a grading any longer

1A Bl = 1Al +11B]
The symmetry properties are thus (skew symmetry of degree n)
[AM) B] _ _(_)(\AHn)(\AHn) [BM) A]
and it obeys the usual graded Jacobi-identity (with shifted degrees)
[Aso) [Byoy €] = [[Asiay B] sy €] + () A4 [B, ) A,y €]

In addition there might be a Poisson-relation with respect to some other product which respects the original
grading. To be consistent with both gradings, this relation has to read

[AM) B.C] — [AM) B] .C + (_)(\A\Jrn)\B\B. [Av(n) C]

This is consistent with B - C' = (=)!ZII°I1C'. B on the one hand and the skew symmetry of the bracket on
the other hand. One can imagine the grading of the bracket to sit at the position of the comma.

For the bracket of multivectors we have as degree the vector degree. Later, when we will have tensors of
mixed type (vector and form), we will use the form degree minus the vector degree as total degree. Then
the Schouten-bracket is of degree +1, which should not confuse the reader.
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product of multivectors is just the sum of the degrees). According to footnote [[§, we have
to adjust the Leibniz rule. The resulting algebra for Lie brackets of degree -1 is known
as Gerstenhaber algebra or in this special case Schouten algebra (which is the standard
example for a Gerstenhaber algebra). The Leibniz rule is

[Ugm),vém) /\Uépa)} _ [Ugm)’vém)} /\v:())pa) 4 (_)(prl)pzvépz) A [ngl)’vépa)} (B.17)

The standard example in field theory for a Poisson algebra is the phase space equipped with
the Poisson bracket or the commutator of operators or matrices.! The Schouten algebra
is naturally realized by the antibracket of the BV antifield formalism (see subsection R.5).

B.2 Embedding of vectors into the space of differential operators

The Leibniz rule is not the only concept to generalize the vector Lie bracket to higher rank
tensors. The major difficulty in the definition of brackets between higher rank tensors is
the Jacobi-identity, which should hold for them. It is therefore extremely useful to have
a mechanism which automatically guarantees the Jacobi identity. A way to get such a
mechanism is to embed the tensors into some space of differential operators, as for the
operators we have the commutator as natural Lie bracket which might in turn induce some
bracket on the tensors we started with. Vector fields e.g. naturally act on differential forms
via the interior product

This can be seen as the embedding of vector fields in the space of differential operators
acting on forms, because the interior product with respect to a vector is a graded derivative
with the grading -1 of the vector (we take as total degree the form degree minus the
multivector degree, which for a vector is just -1)

" <w(p) A n(q)) = 1,w® A @ 4 (=)7w®) A 4, p(@ (B.19)

Taking the idea of above we can take the commutator of two interior products. We note,
however, that it only induces a trivial (always vanishing) bracket on the vectorfields

[, 1] = 0 =19 (B.20)

As the interior product (B.1§) does not include any partial derivative on the vector-

coeflicient, it was clear from the beginning that this ansatz does not lead to the Lie bracket
of vector fields or any generalization of it. We have to bring the exterior derivative into
the game, in our notation

) = Omwim..m (B.21)

There are two ways to do this

9Tn fact, working with totally symmetric multivector fields would have lead to a Poisson algebra instead
of a Gerstenhaber algebra.
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e Change the embedding: Instead of embedding the vectors via the interior product
acting on forms, we can embed them via the Lie-derivative acting on forms. When
acting on forms, the Lie derivative can be written as the (graded) commutator of

interior product and exterior derivative
L, = [%7 d] ﬁvw(p) = Ukakwm...m +p- arnvkwk m..m (B-22)

Indeed, using the Lie derivative as embedding v — L, the commutator of Lie deriva-
tives induces the Lie bracket of vector fields (a special case of (B.7)

[L:Ual:w] = L:[U,w} (B23)

e Change the bracket: In the space of differential operators acting on forms, the com-
mutator is the most natural Lie bracket. However, the existence of a nilpotent odd
operator acting on our algebra, namely the commutator with the exterior derivative,
enables the construction of what is called a derived bracket.?°

[Zvadzw] = [[7/2)5 d] ,Zw] (B.24)

This derived bracket (which is in this case a Lie bracket again, as we are considering
the abelian subalgebra of interior products of vector fields) indeed induces the Lie

bracket of vector fields when we use the interior product as embedding

[10,d2w] = o,u)] (B.25)

20Given a bracket [7(71) } of degree n (not necessarily a Lie bracket. It can be as well a Loday bracket
where the skew-symmetry property as compared to footnote is missing, but the Jacobi identity still
holds) and a differential D (derivation of degree 1 and square 0), its derived bracket [@, @7 m] (which is of
degree n + 1) is defined by

[a,) B] = (=)™ [Day(ny 8]

We put the subscript (D) at the position of the comma, to indicate that the grading of D is sitting there.
The strange sign is just to make the definition nicer for the most frequent case of an interior derivation,
where Du = [d7(n) a] with d some element of the algebra with degree | d |= 1 —n and [d,(n) d} =0, s.th. we
have

[a,ab] = [[asn) d] s(n) b]

The derived bracket is then again a Loday bracket (of degree n + 1) and obeys the corresponding Jacobi-
identity (that is always the nontrivial part). If a,b are elements of a commuting subalgebra ([a,(,) b] = 0),
the derived bracket even is skew-symmetric and thus a Lie bracket of degree n + 1.

In the case at hand we start with a Lie bracket of degree 0 (the commutator) and take as interior derivation
the commutator with the exterior derivative [d,...]. Note that the exterior derivative itself is a derivative
on forms, but not on the space of differential operators on forms. Therefore we need the commutator.
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The above equations plus two additional ones are the well known Cartan formulae

10, 0] = 0 = [d,d] (B.26)

L, = [Zv,d] (B27)

[L£,,d] =0 (B.28)
[Evaf'w] = ﬁ[y,w] (B29)
[@7 Zw]] = Yv,uw] (B30)

Ly

—
.Y

J) can be rewritten, using Jacobi’s identity and [d,d] = 0, as

[[[ev, d] ;2] , ] = [t70,07,d] (B.31)

Starting from (B.23), one thus arrives at (B.23) by simply taking the commutator with d.
We will therefore concentrate in the following on the second possibility, using the derived
bracket, as the first one can be deduced from it. Let us just mention that the generalization
in the spirit of the derived bracket ([B.2J) (or more precise its skew-symmetrization) is
known as Vinogradov bracket [BQ, B (see footnote B§), while the generalization in the
spirit of (B.2J) is known as Buttin’s bracket 2.

B.3 Derived bracket for multivector valued forms

Let us now consider a much more general case, namely the space of multivector valued
forms, i.e. tensors which are antisymmetric in the upper as well as in the lower indices.
With the Schouten bracket we have a bracket for multivectors, which are antisymmetric in
all (upper) indices. There exists as well a bracket for vector valued forms, namely tensors
with one upper index and arbitrary many antisymmetrized lower indices. This bracket
(which we have not yet discussed) is the (Frohlicher-) Nijenhuis bracket (see (B.64)), which
shows up in the integrability condition for almost complex structures. Multivector valued
forms have arbitrary many antisymmetrized upper and arbitrary antisymmetrized lower
indices and thus contain both cases. The antisymmetrization appears quite naturally in
field theory (we give only a few remarks about completely symmetric indices, which appear
as well, but which will not be subject of this paper). It makes also sense to define brackets
on sums of tensors of different type (e.g. the Dorfman bracket for generalized complex
geometry). Those brackets are then simply given by linearity.

So let us consider two vector valued forms (we denote the number of lower indices and
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the number of upper indices in this order via superscripts)?!

K(k,k/) = Ky ™™

= Kml...mknlmnkldxml cede™* & 8111 e ank/ (B32)
L) = Lw:"’i (B.33)

1 14
Note the use of the schematic index notation, which we used for upper indices already in
subsection and which is explained in the appendix [A] on page BJ. Following the ideas of
above, we want to embed those vector valued forms in some space of differential operators.
As we have upper as well as lower indices now, it is less clear why we should choose the space
of operators acting on forms and not on some other tensors for the embedding. However,
the space of forms is the only one where we have a natural exterior derivative without
using any extra structure.?? Therefore we will define again a natural embedding into the
space of differential operators acting on forms as a generalization of the interior product.
Namely, we will act with a multivector valued form K on a form p by just contracting all
upper indices with form-indices and antisymmetrizing the remaining lower indices s.th. we
get again a form as result. The formal definition goes in two steps. First one defines the
interior product with multivectors. For a decomposable multivector v®) = v; A... A vy set

Zvl/\.../\vpp(r) = Zvl T vap(r) (B34)

This fixes the interior product for a generic multivector uniquely (contracting all indices
with form-indices). The next step is to define for a multivector valued form K®*+) —
n®) A v¥) which is decomposable in a form and a multivector, that it acts on a form by
first acting with the multivector as above and then wedging the result with the form

/

" Kk
b nu 0 = 1% A y0p = (=) F1,00 5000 (B.35)

It is kind of a normal ordering that 2 . acts first:

kK’
Il = Ui ) = (=) ) o) 7 Wl (B.36)
For a generic multivector valued form, the above definitions fix the following coordinate
form of the interior product®® with a multivector valued form
r
ZK(k,k/)p(r) = (k‘l)! ! Km...mllmlk,Plk/...llm...m (B'37)
——

T

210ne can certainly-map a tensor K,,"dc™ ® 8, to one where the basis elements are antisymmetrized
K,,"d&c™ N O, see rage %Km"dvm Q0O, — ;Km"an ® de™ and vice versa. In the field theory applications
we will always get a complete antisymmetrization. This mapping is the reason why we take care for the
horizontal positions of the indices. It should just indicate the order of the basis elements which was chosen
for the mapping.

220ne can define an exterior derivative — the Lichnerowicz-Poisson differential — on the space of
multivectors as well (via the Schouten bracket), but for this we need an integrable Poisson structure:
dpN@ = [P@),N(q)], with [P(Q),P(Q)] =0

2 The name ’interior product’ is misleading in the sense that the operation is (for decomposable tensors)
a composition of interior and exterior wedge product. It will, however, in the generalizations of Cartan’s
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So we are just contracting all the upper indices of K with an appropriate number of indices
of the form and are wedging the remaining lower indices. The origin of the combinatorial
prefactor is perhaps more transparent in the phase space formulation (R.13) in subsec-
tion .. For multivectors v® and w@ the operator product of 1, and 1,,(g) induces, due
to (B.34) simply the wedge product of the multivectors

Ly() Yp(@) = Ly(0) pgp (@) (B.38)

But for general multivector-valued forms we have instead?*

k?/
LR (kR PLY) = ZZN’)L
p=0 K
k/
=L+ Y i, (B.39)
p=1
with
(») W) —  =p)i—p) [ ) [ nemly.d n.n
ZK(k,k/)L ’ = (_) p: D D Kmm lep...llm...m (B40)

For p =K/, z&?) reduces to the interior product (B.37). Both are in general not a derivative
any longer. 2(P) is, however, a p-th order derivative, as contracting p indices means taking
the p-th derivative with respect to p basis elements (see in subsection P.1]). Our
embedding %, in (B.37) is therefore a k'-th order derivative. For p = 0 on the other
hand, Z(I?) is just a wedge product with K

While for vectors the commutator of two interior products (B.2(]) did only induce a

trivial bracket on vectors, which is the same for multivectors due to (B.3§), this is different

formulae play the role of the interior product. We will therefore stick to this name. We can also see it as
a short name for ’interior product of maximal order’ in the sense that all upper indices are contracted as
opposed to an interior 'product of order p’, where we contract only p upper indices. ’Order’ is in the sense
of the order of a derivative. While 1, is a derivative for any vector v, the general interior product acts like
a higher order derivative.

24The product of interior products in () induces a noncommutative product for the multivector-valued
forms, whose commutator is the algebraic bracket, namely

K+«L=)Y 2L

p>0

[K,L)* = K« L— (=) * "0 4 g
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for multivector-valued forms.

[ZK(M’C’)?ZL(%V)] - Z[K7L]A (B.41)
K, L]* = Zz(p)L )h=k)(1=1), (P ( ) i (B.42)
P! =[K.LIG,,
/
p>1

() R (WD) k) (;’) (’;) x (B.43)

n..nly...1 n..n
Xme ! pKlp...llm...m

where we introduced an algebraic bracket [K, L]A in the second line, which is is due to
Buttin [PJ], and which is a generalization of the Nijenhuis-Richardson bracket for vector-
valued forms (B.6(J). As it was induced via the embedding from the graded commutator,
it has the same properties, i.e. it is graded antisymmetric and obeys the graded Jacobi

identity. Actually, the term with lowest p, so [K, L] is itself an algebraic bracket,

(p=1)’
which appears in subsection as canonical Poisson bracket. It is known under the

name Buttin’s algebraic bracket (23], denoted in [ by [, %) or as big bracket

[K, L](Al) _ Z%)L _ (_)(k_k/)(l_ll)’bg)K _ (_)(k;/_l)(l—l)k/l . Km...mnmnllLllm...mnmn
_(_)(kfk/)(lfl/)(_)(1/71)(k71)llk . Lm...mnmnllKllm...mnmn (B.44)

But as for the vector fields in subsection B.2, we are rather interested in the derived bracket
of [K, L]A, or at the bracket induced via an embedding based on the Lie derivative. An
obvious generalization of the Lie derivative is the commutator [1x,d], which will be a
derivative of the same order as 1x and therefore is not a derivative in the sense that it
obeys the Leibniz rule. Although it is common to use this generalization, I am not aware
of an appropriate name for it. Let us just call it the Lie derivative with respect to K (being
a derivative of order k')

Loy = [tgecenn,d] (B.45)

r+1 ,
Lwwnp = (K)! ( 1 ) Koo 0,1, i) +

L/ T
_(_)k b (k,)' (k‘/> 8”"« <Km...mllmlklplk/...llm...m) (B-46)
-1

r
= (k,)' ( ) Km...mllmlk/alk/plszl...llm...m +

—(—)’“’“'(k’)!< k,)f? Ko™ ¥ o1y 1y (B.47)
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The Lie derivative above is an ingredient to calculate the derived bracket (remember foot-
note P on page [i4) which is given by?

[tk,arn] = [k, d] 0] =i ) if possible (B.48)

One should distinguish the derived bracket on the level of operators on the left from the
derived bracket on the tensors [K,L] on the right. Only in special cases the result of the
commutator on the left can be written as the interior product of another tensorial object
which then can be considered as the derived bracket with respect to the algebraic bracket
[ ]A. Therefore one normally does not find an explicit general expression for this derived
bracket in literature. In R.1.9, however, the meaning of exterior derivative and interior
product are extended in order to be able to write down an explicit general coordinate
expression (P.48) which reduces in the mentioned special cases to the well known results
(see e.g. B.4.9).

Closely related to the derived bracket in (B.4§) of above is Buttin’s differential bracket,
given by

Lk, Lr] = Lk, if possible (B.49)

Because of [d,d] =0 and Lx = [1x,d we have (using Jacobi)

!

[Lr, L1] = [[1x,arn], d] = [[ar,a22], d] = [k, iz, d] (B.50)

B )
Comparing with (B.4§) s.th. in cases where [K,L] exists, the brackets have to coincide up
to a closed term, or locally a total derivative

Uk, = Uk, T ds -] (B.51)

Using again the extended definition of exterior derivative and interior product of R.1.3, this
relation can be rewritten as

[K,L] = [K,Llg+d(...) (B.52)
The Nijenhuis bracket (B.71)) is the major example for this relation.

B.4 Examples
B.4.1 Schouten(-Nijenhuis) bracket

Let us shortly review the Schouten bracket under the new aspects. For multivectors
v® (@ the algebraic bracket vanishes

[Zv(p) s Zw(q)] =0 (B.53)

25 The Vinogradov bracket @, E] (see also [ﬂ]) is a bracket in the space of all graded endomorphisms in
the space of differential forms Q° (M)

atly = 5 (lla.d), 6]~ () [o, B,d]))  Va,be 0 (M)

It is the skew symmetrization of a derived bracket. The embedding of the multivector valued forms into the
endomorphisms Q°(M) via the interior product which we consider is neither closed under the Vinogradov
bracket nor under the derived bracket in the general case.
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The Schouten bracket [v(p),w(q)] coincides with the derived bracket as well as with Buttin’s
differential bracket, i.e. we have

[[Zv(p) s d] alw(q)] = Z[v(p) ,w(Q)] (B'54)

(Lo L] = Ly wo] (B.55)

Its coordinate form — given already before in (B.14) — is
[U(P),M(Q)} — pvm...mkakwm...m _ (_)(p—l)(q—l)qwm...mkakvm...m (B.56)

The vector Lie bracket is a special case of the Schouten bracket as well as of the
Nijenhuis bracket.

B.4.2 (Frohlicher-)Nijenhuis bracket and its relation to the Richardson-
Nijenhuis bracket

Consider vector valued forms, i.e. tensors of the form
K(k’l) = Kml...mkndﬂml A ANde™ A By, = Km1...mkndxm1 Ao Ade™ ® 8”(]357)

The algebraic bracket of two such tensors, defined via the graded commutator (note that
o = K |= k= 1)

[1rc,on] = Ure, A (B.58)

consists only of the first term in the expansion, because we have only one upper index to
contract.

[KWU,LUJ)}A _ [Ku@l),L(l,l)]A

(1)
Bad Lt (O EDEDE L i n (B 60)

=)L — () D-D, D = (B.59)

It is thus just the big bracket or Buttin’s algebraic bracket but in this case it is known as
Richardson- Nijenhuis-bracket.

The Lie derivative of a form with respect to K (in the sense of (B.4)) is because of
k' =1 really a (first order) derivative and takes the form

Ly = [, d] (B.61)
‘CK(kJ)p(T) = Km...mlalpm...m + (_)krame,,,mlplm___m (B.62)

The (Froehlicher-)Nijenhuis bracket is defined as the unique tensor [K,L],, s.th.
[Lx,Lr] = Lk, 1)y (B.63)
It is therefore an example of Buttin’s differential bracket. Its explicit coordinate form reads

_(_)lem...mjaij...mn - (_)kl(_)lkamLm...mjij---mn (B'64)
— "Ll — (_)le:LKn (B65)
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A different point of view on the Nijenhuis bracket is via the derived bracket on the
level of the differential operators acting on forms:

[1rc,a2n] = [k, d) o] (B.66)

It induces the Nijenhuis-bracket only up to a total derivative (the Lie-derivative-term)

[rc,a] = ywry, — ()L, Kk (B.67)

Using the extended definition of the exterior derivative in the sense of (R.35) and of the
interior product (R.31), one can write the Lie derivative as an interior product (see P.33)

L,k = —(—)”kzd(ZLK) and [[ix,d o] = (—)k [tarc,er] = (—)kz[deL]A, so that we can

rewrite (B.67) as

[K,L] = [K,L]y + (—)* (i, K) (B.68)
with [K,L] = (-)* [dK, L]® (B.69)

In that sense, [K,L] is the derived bracket of the Richardson Nijenhuis bracket while the
Nijenhuis bracket differs by a total derivative. The explicit coordinate form can be read
off from (R.44), (B.4§) (with only the p =1 term surviving)

[1,L) = ()P L+ ()P (WG K + () Ve K) = (B.70)
= Kpnon? i Lon. ™ + (=) 10m Ko m® Ljmm...m™ +
~( )L ? 0 K™ — (=) (=) kOm L. .m? Kjm..m™ +
+(=) I kL n? K jrm,.m™) (B.71)

1 K

where the last part is non-tensorial due to the appearance of the basis element p; (see

subsection R.1.9):
d(2K) = d(kLm..m? Kjm..m™) = kOm (Lm...m? Kjm..m™) = (=) L. Kjm..m'pi (B.72)

The remaining part coincides with the coordinate form of the Nijenhuis bracket as given
in (B.64).

One can nicely summarize the algebra of graded derivations on forms as

[ﬁKikl) s L) + %L;m} =

£[K1,K2}N+1LlKQ_(_)(IQ_I)kl 1, K1 + Z[Kl,LQ}N—(—)(ll_l)kQ [K2,L1]1\;-i-[L17LQ}A (B'73)

C. Some aspects of generalized (complex) geometry

For introductions into Hitchin’s [[] generalized complex geometry (GCG) see e.g. Zabzine’s
review [If] or Gualtieri’s thesis [[]]. For a survey of compactification with fluxes and its
relation to GCG see Grafia’s review [g].
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C.1 Basics

In generalized geometry one is looking at structures (e.g. a complex structure) on the
direct sum of tangent and cotangent bundle T ® T*. Let us call a section of this bundle a
generalized vector (field) or synonymously generalized 1-form, which is the sum of a vector
field and a 1-form

a=a+a« (C.1)

Using the combined basis elements
tM = (3m,d£6m) (C3)
a generalized vector a can be written as

a = aMty (C.4)

a = (™ o) (C.5)

There is a canonical metric Gon T & T*

(a,b) = a(b) + B(a) (C.6)
= anpb"™ + Bna™ (C.7)
= aMgMNbN (C8)

with

Gun = (5(,} 581) (C.9)

which has signature (d,-d) (if d is the dimension of the base manifold). The above definition
differs by a factor of 2 from the most common one. We prefer, however, to have an inverse
metric of the same form

gMN = (g )MV = (52 58 ) (C.10)

As it is constant, we can always pull it through partial derivatives. Using this metric
to lower and raise indices just interchanges vector and form component. We can equally
rewrite a in (@) with a basis with upper capital indices and the vector coefficients with
lower indices

tM = (™, 8,,) (C.11)
a = ayt? (C.12)
ay = (am,a™) (C.13)

Note that in the present paper there is no existence of any metric on the tangent bundle
assumed. Therefore we cannot raise or lower small indices. In cases where 1-form and
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vector have a similar symbol, the position of the small index therefore uniquely determines
which is which (e.g. wy, and w™).

In addition to the canonical metric Gys v there is also a canonical antisymmetric 2-form
B, s.th. a(b) — B(a) = a™ By nbY with coordinate form

0 -6
= m .14
Bun <5:? 0 > (C.14)

Raising the indices with GM¥ yields

gm0
0 om
BMN — n C.16
(—531 0 ) (C.16)

We can thus use B and G to construct projection operators Pr and P to tangent and

cotangent space

Mo _Llom M o' 0
=2(5 B = C.17
Pr N 5 (6" n +BYN) 00 ( )
Mo _Llom M 00
Pr-"n 5 ("N N) 0 on ( )
Pra = a,
Prea = a (C.19)

C.2 Generalized almost complex structure

A generalized almost complex structure is a linear map from T' & T™ to itself which squares

to minus the identity-map, i.e. in components
TIMgITE Ny = o) (C.20)

It is called a generalized complex structure if it is integrable (see subsection [C.4). Tt
should be compatible with our canonical metric G which means that it should behave like

multiplication with ¢ in a Hermitian scalar product of a complex vector space?®

(0,Tw) = —(Jv,w) < (GJ)" =-GT <= Jun =-Inum (C.21)

This property is also known as antihermiticity of J. Because of (C.21), J can be written
as

Jmn pmn _an _Jnm
TMy = JMN = C.22
_an _Jnm Jmn pmn ( )
26 In a complex vector space with Hermitian scalar product (a,b) = (b, a) we have (a,ib) = —(ia, b).
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where P™ and Q,, are antisymmetric matrices, and ([C.20) translates into

J2—PQ = -1 (C.23)
JP—-PJl =0 (C.24)
-QJ+J'Q =0 (C.25)

Here it becomes obvious that the generalized complex structure contains the case of an
ordinary almost complex structure J with J? = —1 for Q = P = 0 as well as the case of an
almost symplectic structure of a non-degenerate 2-form () with existing inverse PQ = 1
for J = 0. In addition to those algebraic constraints, the integrability of the generalized
almost complex structure gives further differential conditions (see subsection [C.4) which
boil down in the two special cases to the integrability of the ordinary complex structure or
to the integrability of the symplectic structure.

Because of J2 = —1, J has eigenvalues 4i. The corresponding eigenvectors span
the space of generalized holomorphic vectors L or generalized antiholomorphic vectors L
respectively. This provides a natural splitting of the complexified bundle

TeTHYeC=LoL (C.26)
The projector II to the space of eigenvalue +i (namely L) can be be written as

II=—-(1-iJ) (C.27)

while the projector to L is just the complex conjugate II = % (1 +47) = G7'ITG. Indeed,
for any generalized vector field v we have

Jv = illv (C.28)

L and L are what one calls mazimally isotropic subspaces, i.e. spaces which are isotropic
(b,w) =0 VYo,welL (C.29)
(this is because IITGII = GIII = 0) and which have half the dimension of the complete

bundle. As the canonical metric (---) is nondegenerate, this is the maximal possible di-
mension for isotropic subbundles.

C.3 Dorfman and Courant bracket

Something which seems to be a bit unnatural in this whole business in the beginning is
the introduction of the Courant bracket, which is the antisymmetrization of the so-called
Dorfman-bracket. The Dorfman bracket in turn is the natural generalization of the Lie
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bracket from the point of view of derived brackets ([B.48)%7

[[a, d] , 26] = 2qg
where [a,b] = [a,b] + L, — Ly + d (1)
[a,b] + Lo5 — 1p(d)
= Lb— 1 (dv)

To get a homogeneous coordinate expression, we define

o = (0,00 =M =(0,0,) (C.34)

The Dorfman bracket can then be written as?®
[a,6]" = a0 6™ + (0Magx — dxa) bF (C.35)
or [a,b]M = aKaKbM + 26[MaK}bK (C.36)

Apart from the term in the middle 9™ ag, ([C.35) looks formally the same as the Lie bracket
of vector fields (B.1)). The Dorfman bracket is in general not antisymmetric but it obeys a

2T The twisted Dorfman bracket is defined similarly via
[[Za, d+ H/\] ,Zb] = Z[a,h]H
Remembering that HA =1y and using [1a, 18] = 14 gja =1,1) ,,, We get

[a,6]; = [a,b] — wia H

281t is perhaps interesting to note that this notation of the partial derivative with capital index suggests
the extension to a derivative with respect to some dual coordinate

8m = (%zm

We could understand this as coordinates of a dual manifold whose tangent space coincides in some sense
with the cotangent space of the original space and vice versa. This might be connected to Hull’s doubled
geometry [@f@]

To see that such an ad-hoc extension of the Dorfman bracket is not completely unfounded, note that
there is a more general notion of a Dorfman bracket (or Courant bracket) in the context of Lie-bialgebroids
(for a definition see e.g. @, p-32,20]). There we have two Lie algebroids L and L* which are dual with
respect to some inner product and which both carry some Lie bracket. (For 7" and T, only T carries a Lie
bracket in the beginning. For a non-trivial Lie bracket of forms on T we need some extra structure like
e.g. a Poisson structure which would lead to the Koszul bracket on forms.) The Lie bracket on L induces a
differential don L* and the Lie bracket on L* induces a differential d* on L. The definition for the Dorfman
bracket on the Lie bialgebroid L & L* is then

[a,b] = [a,b] + Laf — Lo+ d(war) +
+ [a,8] + Lob — Lga + d (15a)

The first line is the part we are used to from our usual Dorfman bracket on T'@® T, while second line is the
corresponding part coming from the nontrivial structure on L*. Taking now L =T, L* = T* and assuming
that [o,0] and L and d* are a Lie bracket, Lie derivative and exterior derivative built in the ordinary way,
but with the new partial derivative w.r.t. the dual coordinates 9™, the coordinate form of the Dorfman
bracket remains exactly the one of ([C.39), (), but with ar = (Om,0) replaced by dnr = (Om, 0™).
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Jacobi-identity (Leibniz from the left) of the form
[Cl, [[J,CH = [[aab] ,C] + [ba [aac]] (C.37)

Although the Dorfman bracket is all we need, most of the literature on generalized complex
geometry so far works with its antisymmetrization, which is called Courant bracket

[a,b] _ = [a,b] + L,8 — Ly + %d(zba —143) (C.38)
[a,b]_M = aKaKbM — aKaMbK + % (aMaKbK — aK(?MbK) (0.39)

and which does not obey any Jacobi identity. As it is much simpler to go from Dorfman to
Courant, than the other way round, we will only work with the Dorfman bracket. On any
isotropic subspace (1 + 1,3 = 0) the two coincide anyway, i.e. they become a Lie bracket,
obeying Jacobi and being antisymmetric.

We call a transformation a symmetry of the bracket when the bracket of two vectors
transforms in the same way as the vectors

[(b 4 3b),(c + d¢)] = [byc] + 6 [b,c] (C.40)
d [b,¢] = [0b,c] + [b,0¢] + [db,d¢] (C.41)

i.e. infinitesimal symmetry transformations (where the last term drops) have to obey a
product rule. Similar as for the Lie-bracket of vector fields, infinitesimal transformations
are generated by the bracket itself. Let us call the corresponding derivative, in analogy
to the Lie derivative, the Dorfman derivative of a generalized vector with respect to a
generalized vector.

b = Dab = [a, b] (C.42)

These transformations are therefore, due to the Jacobi-identity ({C.37) always symmetries
of the bracket. From ([C.33) we can see that the Dorfman derivative consists of a usual Lie
derivative and second part which acts only on the vector part of b by contracting it with
the exact 2-form do

Dyb = L, (C.43)
Db = —p(de) = 0" (O, — Oppavy )" (C.44)

In fact, it is enough for the 2-form to be closed, in order to get a symmetry. If we replace
—do by a closed 2-form B, the transformation is known as B-transform

Spb = 1,B (C.45)

Finally, we should note that the B-transform is part of the O(d, d)-transformations,
i.e. the transformations which leave the canonical metric invariant. As usual for orthogonal

groups the infinitesimal generators are antisymmetric when the second index is pulled down
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with the corresponding metric. The generators of an O(d, d)-transformation can therefore
be written as [§, p.6]

an _Amn

oMy = (A"m s ) (C.47)

an _Amn

In addition to the B-transform, acting with  on a generalized vector induces the so-
called beta-transform on the 1-form component?” as well as Gl(d)-transformations of vector
and 1-form component via A. For constant tensors, the Lie-derivative is just a GIl(d)
transformation. Therefore both symmetries of the Dorfman bracket are symmetries of
the canonical metric G as well. For this reason the canonical metric is invariant under
the Dorfman derivative Dywith respect to a generalized vector v, which we define on
generalized rank p tensors using (C.3J) in a way that it acts via Leibniz on tensor products
(like the Lie derivative) and as a directional derivative on scalars

(DUT)Ml...Mp = UKaKTMlMp + Z(aMan _ 8KUMi)TMl...Mi_lKMH,l...Mp (C48)

Dy(A®B) = D, A B+ A®D,B (C.49)
Do(¢) = 050k = 1" Otp (C.50)

Acting on the canonical metric, one recovers the fact, that the Dorfman derivative contains
the isometries of the metric

DG = 2(0Miog — do™)GEM2 — g (C.51)

Comparing the role of Lie-derivative and Dorfman-derivative, the B-transform should be
understood as an extension of diffeomorphisms. In string theory it shows up in the Buscher-
rules for T-duality ([B6, B7]) and can perhaps be better understood geometrically via Hull’s
doubled geometry [B3—B4] (compare to footnote P§). The beta-transform is not a symmetry
of the Dorfman bracket as it stands. However, if we introduce dual coordinates as suggested
in footnote P§, the beta-transform would show up in the symmetry-transformations of the
extended Dorfman bracket generated by itself.30

29The letter B for the beta-transformations does not really fit into the philosophy of the present notations,
where we use small Greek letters for 1-forms (or sometimes p-forms) only, but not for multivectors. As
the transformation is, however, commonly known as beta-transformation, we use a large ﬁ, in order to
distinguish it from the one-forms [, which are floating around.

30Taking the Dorfman bracket of footnote E7 we get as Dorfman derivative of a generalized vector ¢

instead of ()7 ) the extended transformation

Doc = Loc—14(da)

Dac = —(1edr) + Lac
i.e. the first line is extended by a beta-transformation of v with ﬁ = —d'a and the B-transform of «
(B = —dw) in the second line is extended by a Lie derivative with respect to a.
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On an isotropic subspace L (e.g. the generalized holomorphic subspace) Courant- and
Dorfman-bracket coincide and have the properties of a Lie bracket. It is therefore possible
to define a Schouten bracket on generalized multivectors on A® L which have e.g. only
generalized holomorphic indices (compare [, p.21]). If we use again the notation with
repeated boldface indices

we get as coordinate form for this Dorfman-Schouten bracket

[A(p),g(q)] = pAM--MK g MM o ¢ (poM A MM _ gpe AM--M) pEM..M () 53)

In the first term in the bracket on the righthand side, the 9™ can as well be shifted with
a minus sign to B, because in A\® L we have only isotropic indices in the sense that

AM.M KM .M _ (C.54)

For this reason, the Dorfman-Schouten bracket has really the required skew-symmetry of

a Schouten-bracket
{A(p),g(q)] = —(=)arD+D) [B(q),A(p)] (C.55)

On A°® L this bracket coincides with the derived bracket of the big bracket, as the extra
term with pas in (C.69) vanishes because of (C.54).

C.4 Integrability

Integrability for an ordinary complex structure means that there exist in any chart dimp; /2
holomorphic vector fields (with respect to the almost complex structure) which can be
integrated to holomorphic coordinates z% in this chart of the manifold and make it a
complex manifold. Those vector fields are then just 9/0z%. Those coordinate differentials
have vanishing Lie bracket among each other (partial derivatives commute). In turn, every
set of vectors with vanishing Lie bracket can be integrated to coordinates. The existence
of such a set of integrable holomorphic vector fields is guaranteed when the holomorphic
subbundle is closed under the Lie bracket, i.e. the Lie bracket of two holomorphic vector
fields is again a holomorphic vector field.

As the Dorfman bracket restricted to the generalized holomorphic subbundle L C
(T ® T*) ® C has the properties of a Lie bracket, we can demand exactly the same for
generalized holomorphic vectors as above for holomorphic ones. The condition for the
generalized complex structure to be integrable is thus that the generalized holomorphic
subbundle L is closed under the Dorfman bracket, i.e. in terms of the projectors

IT [, M) = 0 (C.56)
<~ [o,w] — [Jou,Tw0| + T [Jo,00] + T [0,T0] =0 (C.57)
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In the following two sub-subsections we will show that this is equivalent to the vanishing

of a generalized Nijenhuis-tensor [§, p.25] of the coordinate form3!+32

iNMlMQMg — j[M1|KaKj\M2M3} + j[Ml\KjK|M27M3] L 0 (C.58)
Recalling that
Pmn Jm
MN __ n
j B _Jnm _an ’
S -
N _ m mn
jM - pmn Jmn ’
oM = (0,0,,) (C.59)

we can rewrite this condition in ordinary tensor components, just to compare it with the
conditions given in literature (for the antisymmetrization of the capital indices we take
into account that in the last term of (C.58) the indices M; and M, are automatically

31This looks formally like the generalized Schouten bracket (e.g. [E, p-21]) on A°® L (with L being the
generalized holomorphic bundle) of J with itself (see also the statement below ())7 but it is not, as J
has neither holomorphic nor antiholomorphic indices

7 = ill#J
07 = —ill#J

In fact, we get zero if we contract both indices with the holomorphic projector
VY e g5 = g’ =41l = 0

The same happens for two antiholomorphic projectors. But we can project one index with an holomorphic
projector and the other one with an antiholomorphic one. This yields

oY oM g g5 = I =4l

Up to a constant prefactor the bracket of IT with II coincides with the bracket of J with 7. And like for
the ordinary complex structure, where we have the Nijenhuis bracket of the complex structure with itself,
which has one index in T' and the second in T, we could here take IT with one index in L and the other in
L and regard the bracket as generalized Nijenhuis bracket of II with itself.

321f instead the twisted Dorfman bracket (see footnote @) is used, one gets the integrability condition for
a twisted generalized complex structure with a twisted generalized Nijenhuis tensor. Consider the closed
three form H = Hr vy M gM2gMs with Hpymyms the only nonvanishing components. The twisted
generalized Nijenhuis tensor then reads

H K L
Nty vionts = Natymonas + 6Hr vy s — 1870, Hienon T - iy

Like ()7() this twisted generalized Nijenhuis tensor as well matches with the tensors given in [@]
if one redefines H,nr — %Hmnk.
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antisymmetrized because of J 2 = —1):

i/\/mlm2m3 — plmilkg, plmams] (C.60)
20
1o mims 1 k [m1ma] [m1 |k |ma] [m1lk 7lma2] [m1| pklm2]
TN = 2 (=7 w0 + 2Plmlkgy gimal, — plrmlk el o gl pkim] )
=0
1 n 1 nk k n n_ 1k nk
ZN mims — g <_P akQ[mlmg} +2J [m1|akJ |ma) +2J kJ [m1,ma] — 2P Qk[ml,mg]>
=0
1 k
Zlemgmg, - Jk[ml‘akQ|m2m3] + Jk[ml‘Qng,m;g] - Q[mﬂkJ |m2,m3}

II=
o

(C.61)

If we compare those expressions with the tensors A, B, C and D given in (2.16) of [[9, p.7],
we recognize (replacing @@ by —@Q) that our first line is just %A, the second line is —%B
(using (IC.24)), the third £C and the fourth line is —£D. There, in turn, it is claimed that
the expressions are equivalent to those originally given in (3.16)—(3.19) of [[Ld, p.7].

C.4.1 Coordinate based way to derive the generalized Nijenhuis-tensor

In this sub-subsection we will see that calculations with capital-index notation is rather
convenient. So we simply calculate (C.57) brute force by using the explicit coordinate
formula for the Dorfman-bracket

[o,10]" = 0500 + (Mo — D™ ) X (C.62)
The brackets of interest are:

lo,710)" = 050k TV ol + TN 0B Ox? + (0o — Ok ™) (Tw)K
(T [0,T0)M = o5 TM N TN Lol — 05 0™ + TM y (0N o — Ok 0™) (Tr0)™
[To,] " = T Lol oo™ + (0N T — 0k TV 1) 0P + (T "N o — TN L0k 0")
(T [To))M = TM Ny (To) S0k + TMx (N Tkr — 0k TV 1) 0P’
—(T)ETM 0N, + O oM’
[(To,Tw]" = 7K yoNog TM prot + T yoN TM L oo’
+ (M T o™ — O TV No) T ro”
+(Ten0MoN =T Nogo™) TX pro”
= (Jo)* M Logw" — T yog o™ (Tw)K
T LM Trew + 275 (M0 T 1) 0V 0" 4 Mo (C.63)
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The underlined terms sum up in the complete expression to the generalized Nijenhuis

tensor, while the rest cancels

0 = [o,00]" — [T0, 710 + (T [To,0])M + (T [o,Tv0])M
= 2IMkONT" ) = T* L0 Tin + TR0k Ty — 2T (30 T 1)) 0" o*
= oy <3j[M|KjK\L7N] + 3j[N|K3Kj|ML}) fo

EUN./\/NMLYOL (C.64)

C.4.2 Derivation via derived brackets

Eventually we want to see directly how the generalized Nijenhuis tensor is connected to de-
rived brackets. We will use our insight from the subsections and P.1.3. Remember, our
basis tY = (de™, 8,,) was identified with the conjugate (ghost-)variables t" = (c™, b,,).
One can define generalized multi-vector fields of the form

IC(K) = ’CMM = ’CMIWMKtMl ce tMK (C.65)

They are in fact just sums of multivector valued forms:

k Kk; k=0

The big bracket, or Buttin’s algebraic bracket is then just the canonical Poisson bracket

K, L3y = Kiknr.m' Lone.nr = {K, L} (C.67)
{tar, tn} = Gun (C.68)

The coordinate expression for its derived bracket (compare to (B.49), (B.-51])) reads

A
(=)<t [d’C(K), ﬁ(L)} o K- Kngon 0 Laa.ne — (=) VDL Lo a0k v

+(=)* "KLOMK . Linva v + K (K — 1) LK a7/ Lina. vapg (C.69)
with p; = (p;,0) and 0r = (0;,0). In the case were both I and £ only have general-
ized holomorphic indices, the p-term drops and this expression should coincide with the
Schouten-bracket on A* L for the holomorphic Lie-algebroid L (see e.g. [, p.21] and foot-
note B1)). For two rank-two objects, like the generalized complex structure J, this reduces

to
K,a ﬁ]ﬁ) =2 - K 0rLaane + 2 Lo’ 0K nane — 40mKna" Ling + 4K Lipaps  (C.70)
which reads for two coinciding tensors J

[T .4 j](Al) = 4 I orTvng — 400 It Tine — AT L Trnam g (C.71)

E29 NM M+4 PMfM (C.72)
‘72
-0 (@
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where 0 = de¥p, = —d(de® A ). We will verify this relation between the generalized
Nijenhuis tensor and the derived bracket in the following calculation, where we calculate
N using the big bracket ([C.67) all the time. This bracket is like a matrix multiplication if
one of the objects has only one index. We will use this fact frequently for the multiplication
of J with a vector

To = T oVt = (7 ,0) (C.73)
:>{j7{jvb}}:4720:—402{{U,j},\7} (C.74)
{0, T}, {TJ,0}} = —4ofrwg = —4{v, 0} (C.75)

If both objects are of higher rank, however, antisymmetrization of the remaining indices
modifies the result. We thus have to be careful with the following examples

(T, T} = 4Tm™ Tt = —4Gnmns = 0 (! because of antisymmetrization) (C.76)
{T AT, d}} = jMKt7[K|L(dD)L|M] # —4dv (C.77)

As mentioned earlier, the Dorfman bracket (C.31) used in our integrability condition is
just the derived bracket of the algebraic bracket. i.e. we have

[0,r0] = [db, 0] (C.78)
= [db,w](}) + > [db, w]()) (C.79)

p>2 ~
= {dv,w} (C.80)

where the differential d has to be understood in the extended sense of (R.9), (R.39), namely
as Poisson-bracket with the BRST-like generator

o=t"Mpy =c"pm tocally d(z"py,) = —d(c"by,) (C.81)
v = (P, 0) (C.82)
dv = {o,0} = Opopns + X pr (C.83)

where p,, is the conjugate variable to . We can now rewrite the integrability condi-

tion (C.57) as
{db, o} — i{d{j, 0}, {7, )} + i (7 {d{T, 0} W)} + i (T A, {T.10}}) £ 0 (C.84)

Remember that the Poisson bracket is a graded one, and v,t0 and d are odd, while 7 is
even.
Let us now start with applying Jacobi to the second term of ([C.84)

AT 0} AT b} = 1 ({70}, T} w0} — 2 (T AT 0} w}} (C85)
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so that we get
0L {do,w) — § {{d{7,0}, T}, w} + {7, (b, {7, w}}) (C.56)
= {do,m} — ({1470}, 7} w} — ({0}, T}, w0} + ;{7 b, {T0}})
= {dbo,w} = {{{0,47}, T}, w0} + 5 {{{h, T}, T} w0} + 1 {7, (T w01}

It would be nice to separate v completely by moving it for the last term into the last
bracket like in the first three terms. We thus consider only the last term for a moment and
calculate it in two different ways (first using Jacobi for second and third bracket and after
that using Jacobi for first and second bracket):

LT AT 01} 2 1T (@, T} wh) + 1 17,7 {0} )

= i{ja{{dr’?j}?m}}_{dn’m}

L g.@) o)) + e g g

= 1T T d) )} 4§ {{{T. ) T} o) — {db, o)

- _i{j,{{dn,J},m}}+{dn,m}—2{dn,m}+i{{{J,dn},J},m}

Comparing both calculations yields

(T A (T 0} = —£ ({747, b} o} — {db, o) (87

We can plug this back in () and leave away the outer bracket with to:

0L d— ({0, d7), )+ ([T}, T}~ L (T T d}) b (C89)

= o7} ) + 1 (1,7} .7) .59)
= —é {{o.d7}, 7} + % {d{v,J},T} (C.90)
:‘é{{“’dﬂ’j}+éd{{va~7}7j}+é{{w},d7} (C.91)
N _é {o4d7, 7} = %d" (C.92)
= ({71 0} - 1) ©s9
= %{ 7 .a 715, — 40,0} (C.04)
where we used
& = {o,v} (C.95)

The integrability condition is thus (explaining the normalization of A/ of above) as promised
in (C.72)
N = [j,dj]ﬁ) —40=0 (C.96)
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The derived bracket [J,qJ ]é) indeed contains the term 40 = 4¢M py which therefore is
exactly cancelled.

Precisely the same calculation can be performed by calculating with the complete
algebraic bracket [, ]A instead of the Poisson-bracket, its first order part. Similarly to
above, we have

Jv %[J, v]® (C.97)
= [7,17,0]%) = 47%0 = —4o (C.98)

In combination with (IC.7§) this is enough to redo the same calculation and get as integra-
bility condition (using [7,J] = —[d7, J]*)

N=[7,J]—40=0 (C.99)

which also proves that the derived bracket bracket of the big bracket (which is not neces-
sarily geometrically well defined) coincides in this case with the complete derived bracket

[T.aJ10) = (7,7 (C.100)

As discussed in (B.50) and (B.52), throwing away the d-closed part corresponds to taking
Buttin’s bracket instead of the derived one. Remember that o = de*p, = —d(de* A 9y),
s.th. do = 0. We can thus equally write

N =17,71s (C.101)

References

[1] Y. Kosmann-Schwarzbach, Derived brackets, |Lett. Math. Phys. 69 (2004) 61|
[rath.DG/0312524).

[2] A. Alekseev and T. Strobl, Current algebra and differential geometry, JHEP 03 (2005) 035
lhep-th/0410183.

[3] M. Gualtieri, Generalized complex geometry, Oxford University DPhil thesis, (2003)
[nath.DG/0401221]).

[4] G. Bonelli and M. Zabzine, From current algebras for p-branes to topological M-theory,

09 (2005) 015 [hep-th/0507051]).

[5] N. Hitchin, Generalized Calabi-Yau manifolds, Quart. J. Math. Oxford Ser. 54 (2003) 281
[math.DG/0209099).

[6] M. Grana, R. Minasian, M. Petrini and A. Tomasiello, Supersymmetric backgrounds from
generalized Calabi- Yau manifolds, [JHEP 08 (2004) 04 [hep-th/0406137].

[7] M. Grana, R. Minasian, M. Petrini and A. Tomasiello, Generalized structures of N =1
vacua, JHEP 11 (2005) 020 [pep-th/0505212].

[8] M. Grana, J. Louis and D. Waldram, Hitchin functionals in N = 2 supergravity, JHEP 0

(2006) 004 [hep-th/0505264)].

,64,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA69%2C61
http://arxiv.org/abs/math.DG/0312524
http://jhep.sissa.it/stdsearch?paper=03%282005%29035
http://arxiv.org/abs/hep-th/0410183
http://arxiv.org/abs/math.DG/0401221
http://jhep.sissa.it/stdsearch?paper=09%282005%29015
http://jhep.sissa.it/stdsearch?paper=09%282005%29015
http://arxiv.org/abs/hep-th/0507051
http://arxiv.org/abs/math.DG/0209099
http://jhep.sissa.it/stdsearch?paper=08%282004%29046
http://arxiv.org/abs/hep-th/0406137
http://jhep.sissa.it/stdsearch?paper=11%282005%29020
http://arxiv.org/abs/hep-th/0505212
http://jhep.sissa.it/stdsearch?paper=01%282006%29008
http://jhep.sissa.it/stdsearch?paper=01%282006%29008
http://arxiv.org/abs/hep-th/0505264

M. Grana, Fluxr compactifications in string theory: a comprehensive review, |Phys. Rept. 423

A. Kapustin and Y. Li, Topological sigma-models with H-flux and twisted generalized complex

V. Pestun and E. Witten, The Hitchin functionals and the topological B-model at one loop,

V. Pestun, Topological strings in generalized complex space, hep—th/060314§.

C. Jeschek, Generalized Calabi-Yau structures and mirror symmetry, hep-th/040604§.

C. Jeschek and F. Witt, Generalised geometries, constrained critical points and

U. Lindstréom, R. Minasian, A. Tomasiello and M. Zabzine, Generalized complex manifolds
and supersymmetry, |Commun. Math. Phys. 257 (2005) 235 [hep-th/0405085].

M. Zabzine, Lectures on generalized complex geometry and supersymmetry, hep-th/060514§.

U. Lindstrom, A brief review of supersymmetric non-linear sigma models and generalized

M. Zabzine, Hamiltonian perspective on generalized complex structure, |Commun. Math. Phys)

R. Zucchini, A sigma model field theoretic realization of Hitchin’s generalized complex

R. Zucchini, Generalized complex geometry, generalized branes and the Hitchin sigma model,

R. Zucchini, A topological sigma model of biKaehler geometry, JHEP 01 (2006) 041]

M. Henneaux and C. Teitelboim, Quantization of gauge systems, Princeton Univ. Pr., U.S.A.

C. Buttin, Théorie des opérateurs différentiels gradués sur les formes différentielles, Bull.

A.S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization
formula, |Commun. Math. Phys. 212 (2000) 59| [math.QA/990209(].

P. Schaller and T. Strobl, Poisson structure induced (topological) field theories,

N. Berkovits, Multiloop amplitudes and vanishing theorems using the pure spinor formalism

M. Dubois-Violette and P.W. Michor, A common generalization of the Frohlicher-Nijenhuis
bracket and the schouten bracket for symmetric multivector fields, hlg-geom/9401004.

Y. Kosmann-Schwarzbach, From Poisson algebras to Gerstenhaber algebras, Ann. Inst.

9]
(2006) 91 [hep-th/0509009].
[10]
manifolds, hep-th/0407249.
[11]
[Lett. Math. Phys. 74 (2005) 21| [hep—th/0503083].
[12]
[13]
[14]
ramond-ramond fields, path.DG/0510131|.
[15]
[16]
[17]
complex geometry, hep—th/0603240.
[18]
263 (2006) 711| [hep-th/0502137].
[19]
geometry, JHEP 11 (2004) 045 [hep-th/0409181].
[20]
[JHEP 03 (2005) 022 [hep-th/0501062].
[21]
lhep-th/0511144].
[22]
(1992).
[23]
Soc. Math. Fr. 102 (1974) 49.
[24]
[25]
Lett. A 9 (1994) 3129 [hep—th/940511(].
[26]
for the superstring, |JHEP 09 (2004) 047 [hep—th/0406058].
[27]
[28]
Fourier (Grenoble) 46 (1996) 1241.
[29]

Y. Kosmann-Schwarzbach, Derived brackets and the gauge algebra of closed string field
theory, Quantum Group Symposium at GROUP 21, Goslar (1996), H.-D. Doebner and V. K.
Dobrev, eds., Heron Press, Sofia (1997).

,65,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C423%2C91
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C423%2C91
http://arxiv.org/abs/hep-th/0509003
http://arxiv.org/abs/hep-th/0407249
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=LMPHD%2CA74%2C21
http://arxiv.org/abs/hep-th/0503083
http://arxiv.org/abs/hep-th/0603145
http://arxiv.org/abs/hep-th/0406046
http://arxiv.org/abs/math.DG/0510131
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C257%2C235
http://arxiv.org/abs/hep-th/0405085
http://arxiv.org/abs/hep-th/0605148
http://arxiv.org/abs/hep-th/0603240
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C263%2C711
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C263%2C711
http://arxiv.org/abs/hep-th/0502137
http://jhep.sissa.it/stdsearch?paper=11%282004%29045
http://arxiv.org/abs/hep-th/0409181
http://jhep.sissa.it/stdsearch?paper=03%282005%29022
http://arxiv.org/abs/hep-th/0501062
http://jhep.sissa.it/stdsearch?paper=01%282006%29041
http://arxiv.org/abs/hep-th/0511144
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C212%2C591
http://arxiv.org/abs/math.QA/9902090
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA9%2C3129
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA9%2C3129
http://arxiv.org/abs/hep-th/9405110
http://jhep.sissa.it/stdsearch?paper=09%282004%29047
http://arxiv.org/abs/hep-th/0406055
http://arxiv.org/abs/alg-geom/9401006

[30] A. M. Vinogradov, Unication of the Schouten and Nijenhuis brackets, cohomology, and
superdifferential operators, Mat. Zametki 47 (1990) 138 (not translated in Math. Notes).

[31] A. Cabras and A. M. Vinogradov, Fxtensions of the Poisson bracket to differential forms and
multi-vector fields, J. Geom. Phys. 9 (1992) TH.

[32] A. Dabholkar and C. Hull, Generalised T-duality and non-geometric backgrounds,
[ (2006) 009 [hep-th/0512005].

[33] C.M. Hull, Global aspects of T-duality, gauged sigma models and T-folds, hep—th/0604178

[34] C.M. Hull, Doubled geometry and T-folds, hep-th/0605144.

[35] C.M. Hull, A geometry for non-geometric string backgrounds, JHEP 10 (2005) 064
[hep-th/0406107.

[36] T.H. Buscher, A symmetry of the string background field equations, |Phys. Lett. B 194 (1987)
59

[37] T.H. Buscher, Path integral derivation of quantum duality in nonlinear sigma models,
| Lett. B 201 (1988) 464.

,66,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JGPHE%2C9%2C75
http://jhep.sissa.it/stdsearch?paper=05%282006%29009
http://jhep.sissa.it/stdsearch?paper=05%282006%29009
http://arxiv.org/abs/hep-th/0512005
http://arxiv.org/abs/hep-th/0604178
http://arxiv.org/abs/hep-th/0605149
http://jhep.sissa.it/stdsearch?paper=10%282005%29065
http://arxiv.org/abs/hep-th/0406102
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB194%2C59
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB194%2C59
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB201%2C466
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB201%2C466

